THE STIELTJES TRANSFORM*

BY
D. V. WIDDER

Introduction. The Stieltjes transform is defined by the equation
“ da(t) f” da(t)
1 = = i .
) Y fox+t Rgl: 0o x+ ¢

We assume that «(#) is of bounded variation in (0, R) for every positive R
and that the limit (1) exists. If «(#) is the integral of a function ¢(f), we ob-
tain the special case

-10)

2 = —dt.
@ f(x) ey

In this paper we discuss two distinct but related questions, the inversion
problem and the solubility problem. In the former we assume that f(x) is a
function which admits the representation (1) or (2), and seek to determine
a(?) or ¢(#) from f(x). In the latter we seek necessary and sufficient conditions
on f(x) that it should have the representation (1) or (2).

A solution of the inversion problem was given by Stieltjest himself by
means of contour integration. His result was

¢ t— 1 iy

ot 1) +alt -) = lim R — f(s)ds,

2 ¥—0 1l'1: —t—1y

where the symbol R means “real part of.”

It is our purpose to obtain a real inversion formula, one depending only
on a knowledge of f(x) and its derivatives on the positive real axis. One may
conjecture the existence of such a formula by noting that the Stieltjes trans-
form is the product of two Laplace transforms. That is,

f(x) = j:e—‘“duj;”e““‘da(t).

But a Laplace transform admits of two types of inversion, one by contour
integration and one by use of the successive derivatives of f(x) on the posi-
tive real axis.} As we showed in the paper cited, these two inversions are
* Presented to the Society, December 31, 1936; received by the editors March 1, 1937.
t Collected works of T. J. Stieltjes, vol. 2, p. 473.

1 D. V. Widder, The inversion of the Laplace integral and the related moment problem, these Trans-
actions, vol. 36 (1934), p. 107.
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analogous to the two classical determinations of the coefficients of a power
series, one by Cauchy’s integral, the other by Taylor’s series.

A real inversion of the integral (2) has been found recently by Paley and
Wiener* in case ¢(f) and [¢(¢) ]? are integrable in the interval (0, »). The
result is

1 m — 1 n d 2n
3) li.m. > =1 (ﬂ——) [e728)].

m—w 11'3”2 n=0 (2%)' dt

The formula obtained in the present paper seems, at first sight, totally un-
related, but we shall show later that this is not the case. It is

—_ t)k—l 2k—1

Li.[f(x)] = ( [#®].

El(E — 2)! de#

This is a linear differential operator of order 2k —1. With no restrictions on
¢(#) beyond those necessary to make (2) converge we show that

lim L. [f(x)] = ¢(2)

k— oo
for almost all positive . Further, we prove that

fim [ Lu[f()]du = B tel=) o0+

k—» 2

for all positive ¢.

The method employed is the same as that used earlier by the author for
the Laplace transform. That is, one employs a known method for discussing
the asymptotic behavior of an integral of the form

fo [g(t) o (t)at

as k becomes infinite. In the present case

g) = Yy

a function which has a single maximum at /=x. We observe that the funda-
mental solutions of the linear differential expression L;,.[f(x)] are

f@) =2 (n=—k —k+1,—k+2---,—1,01,---,k—2).
Hence we may say that the Stieltjes transform is inverted by the linear differ-

* R.E. A. C.Paley and N. Wiener, Fourier transforms in the complex domain, American Mathe-
matical Society Colloquium Publications, vol. 19, 1934.
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ential operator of infinite order which has all integral powers of x as its funda-
mental solutions.

We solve the solubility problem by obtaining necessary and sufficient con-
ditions that f(x) should have the representation (1) or (2) with a(f) or ¢(¥)
belonging to certain familiar classes. The most important classes considered
are a(t) of bounded variation or non-decreasing, ¢(f) of class L?;(p=1) or
bounded. For example, we prove that f(x) has the form (1) with «(f) non-
decreasing if and only if

f(x) 20, (= DF[x*f(x)]@=D = 0 (x>0;k=1,2,---),
f(w) = 0.
This is the analogue of Bernstein’s theorem on completely monotonic func-
tions. The case of the integral (2) with ¢(¢) belonging to L? was treated by
Paley and Wiener in the Colloquium lectures cited above.

A formula for computing the saltus of «(¢) at a point of discontinuity is
also obtained. In fact we show that

1/2
lim 2¢ (%) L f(x)] = alt +) — alt =) (t>0).
k— o
An inversion formula for the generalized Stieltjes transform
* da(t)
o (x+10)

f(x) = (o> 0)
is also obtained.

The final section of the paper shows the relation between the Paley-
Wiener operator and Ly, [f(x) ]. The former can be written symbolically as

(cos mD) [#1121(8) ],
where
d
D = t— .
dt

For, the finite series (3) is clearly a section of the infinite power series for
cos #D. We show that L;,.[f(x)] is essentially a section of the familiar infinite
product expansion of the cosine, so that symbolically the operators are
equivalent. It should be observed that the Paley-Wiener operator is ap-
plicable only to the case in which ¢(f) belongs to L? (at least in so far as
proofs have yet been given), whereas the operator of the present paper is
not so restricted.
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1. General properties. Let a(f) be a complex function of the real variable ¢
of bounded variation in the interval 0=¢=<R for every positive R. Such a
function is said to be normalized if
a(0) =0,
a(t +) + alt —)

a(t) = > >0).

We assume throughout that «(f) has these properties. It is clear that the in-

tegral
f E daff)
o § + t

exists for every complex s =047 not on the negative real axis, r =0, ¢ <0,
which we shall henceforth denote by D. Set

_ “do(f) R da(?)
(1.1) f(s)_j; s+t —I}—mj; s+¢

whenever the indicated limit exists. Then the improper integral (1.1) is said
to converge. We show at once that the region of convergence of (1.1) is the
whole complex plane less the ray D.

THEOREM 1.1. If the integral (1.1) converges for a point sy not on D, it con-
verges for every such point.
For, set
¢t da(u)
sot+u

B(0) = 0, B() = f ¢>0.

‘Then for snoton D

® da(t) R 5o+t so+ R B B(9)
= dp(t) = B(R - t
fo s+¢ fo cx s PO =8 VxR T 9), (s + 02

Since B(R) approaches a limit as R becomes infinite, it is clear that the in-
tegral

® B®

o (s4+19)?
converges absolutely and that (1.1) converges. Moreover,

da() _ ("da®) [T 6@
.2) fo s+t _fo so+t+(s‘J ) 0o (s+10)2
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We observe that (1.1) may converge without converging absolutely as the
example.

& (=
f(s)—g Py

shows. But (1.2) always enables us to replace the given integral by an abso-
lutely convergent one.

At this point we note a contrast with the theory of the Laplace transform.
In the latter case a direct integration by parts replaces a conditionally con-
vergent integral by an absolutely convergent one. That this is not always
true for the Stieltjes transform is seen by an example. Take

0)=0
a() ) t+2

a(l)=(—l)"m m<t<n4+1;2=0,1,2,---).

Then

f°°|a(t)| dt=f°° dt
o (24 2)2 o G+ 2)log ¢+ 2)

clearly diverges. But

* da(t) _ ° alt) _ it o log (n + 3)
fo t+2  J, (t+2)2dt_,.§o( Do et 2)

the series converging. For this example, integration by parts replaces a con-
ditionally convergent integral by another with the same property.

Cororrary 1.11. If (1.1) converges, it converges uniformly in any bounded
closed region not containing a point of D.

CoroLLARY 1.12. If (1.1) converges, f(s) is analytic at points not on D.
CoroLrrary 1.13. If (1.1) converges,

'/
fO(s) = (= 44! a"%: (k=10,1,--).

Another very useful result is contained in
THEOREM 1.2. If (1.1) converges, then
(1.3) a(f) = o(?) (t— ).

Let (1.1) converge for s=s, not on D, and define §(¢) as in Theorem 1.1.
Then
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a(R) = fo " dalt) = fo "+ s0a80).

But
R R
f., 1as() = Re®) — [ myas,
. 1 E _ — w) =
:le‘fiffo 10B(t) = B(w) — B(w) = 0.
Also

1 R
lim — f s0dB(t) = 0,
0

R—o R

so that (1.3) is established.
CoroLrrarY 1.21. If (1.1) converges, then

Y 0,
=), ¥
It is important to note that the converse of Theorem 1.2 is false. Thus
(1.3) holds if
aty = [ tz0).
o log (u + 2)

Yet for this definition of «(f) the integral (1.1) diverges.
However, it is easily seen that if

a(t) = 0(~?) (0>0,t— =),

then (1.1) converges.

The relation between the Laplace and Stieltjes transforms is made pre-
cise in

THEOREM 1.3. If the integral (1.1) converges, then

(1.4) f(s) = f R (@>0),
where*
(1.5) o(t) = f ~*da(u) > 0).

* The notation employed in (1.4) means that /o3 g(f)dé=lime.o [®g(t)dt.
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For, by Theorem 1.2 a(%)=0(s) when % becomes infinite, so that (1.5)
converges uniformly* in the closed interval e<¢<R for arbitrary positive
numbers € and R. Hence

R © ® g—(stu)e _ o—(s+u)E
f e*dt f et da(u) = f da(u).
e 0 0 s+ u

If s is any point not on the ray D, the integral

® g—eu
j; P da(u)

clearly converges, so that

R 0 o e_“‘ L) e_un
. -atdtf —tud - —uf d — —uRf d .
(1.6) ft € . e tda(u) = ¢ o a(u) — e e a(u)

The first integral on the right-hand side converges uniformlyt (s being fixed)
in the interval 0<e< », and hence approaches f(s) as e approaches zero.
Moreover, T

. ®© guR ¢ da(u) a(0 +)
lim da(u) = )
R—w o S + t—>0+ 0 S + u S

so that the last term of (1.6) approaches zero with 1/R if ¢ >0. Our result is
consequently established by allowing e to approach zero and R to become in-
finite.

Note that the inequality ¢ >0 in (1.4) cannot be replaced by ¢ =0 as the
example f(s) =1/s shows. We observe also that the converse of Theorem 1.3
is not true. That is, the integrals (1.4) and (1.5) may converge in the range
specified without having f(s) represented in the form (1.1). For example, take

1
¢(‘)_(1+——E(— D(n + e (t>0),
A et
f(s)=fo mdt (¢ > 0).
The integral (1.1) becomes
(n+ 1)
Eo (=D

* See footnote on p. 12.

t For the results regarding the Laplace transform which are here employed see, for example,
D. V. Widder, A generalization of Dirichlet's series and of Laplace’s integrals by means of a Stieltjes
integral, these Transactions, vol. 31 (1929), p. 694.
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a series which diverges for all s. In this connection we may prove

THEOREM 1.4. If a(u) is such that the integral (1.5) converges for t 20, then
the function f(s) defined by (1.4) also has the representation (1.1) for all s not
on D.

For, in this case, a(x) is necessarily bounded and we may apply Theorem
1.3.
A similar result is contained in

THEOREM 1.5. If a(u) is non-decreasing and such that (1.4) and (1.5) con-
verge for >0, t>0 respectively, then the function f(s) defined by (1.4) has the
representation (1.1) for all s not on D.

The proof is easily supplied. We turn next to the uniqueness theorem.
THEOREM 1.6. If the normalized function o(t) is such that

©  da()
f—=0 (l>0,”=0,1’2,"')’
o$o+t+nl
then
a() = 0 (0=t< ).

This follows from Theorem 1.3 and from Lerch’s uniqueness theorem for
Laplace integrals.*
We conclude this section with a proof of

THEOREM 1.7. If a(t) is a real non-decreasing function for whick the point
t=0is a point of increase and for which the integral

_ “ da(t)
1(s) = f ==

converges, then f(s) has a singularity at s=0.

For, suppose the contrary. Then the series

— 1)
fls) = Zf""(l) ¢ )

converges for some point on the negative real axis, say s= —¢, and

l n
=9 = T (= pryoony LED *D

n=0
Applying Corollary 1.13 we obtain

* The usual proof of this theorem can easily be extended to include Cauchy-values of Laplace
integrals: f::e“‘da(t).
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e+ "
f(—e = Z . mda(t)
_ (e+ Dm
—g(w )f TR a(t)ds
This series dominates the series
- (e+ D
(1.7) Se+n [ e,

so that the latter also converges. Since the integrand is non-negative, and
since the series

d (e + 1) _ 1 A
5‘”“) ¢+ D™ (¢ — e

converges for £>¢, we may interchange integral and summation symbols in
(1.7). That is, the integral

® )

e =92
must converge. But since £=0 is a point of increase for a(?), it follows that
a(e+)>0and

dat

(1.8)

. al)
lim
t—e+ t— e

=+oo

Hence (1.8) can not converge. The assumption that f(s) is analytic at s=0
is untenable. That is, s =0 is a singularity of f(s).

2. Inversion in a special case. The results of the previous section enable
us to restrict attention to the real variable s =x. In fact we shall even assume
that «(¢) is a real function. The loss of generality thus involved is trivial. The
reader who has need of results for complex functions a(f) has only to apply
the theorems proved to the real and imaginary parts of «(f) separately.

We introduce a functional operator by

DEFINITION 2.1. An operator Ly .[f(x)] is defined by the equations

Lo [f(®)] = cf(®),
Les[f(®)] = ci(— ) [ @] > (k=1,2,3,...),

where
1
00=01=.'1, Ck=m (k=2’3’4,...)'
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Obviously the operator can be applied only to functions which possess
derivatives of order (2k—1). It becomes of interest only when % is allowed
to become infinite, so that we shall be applying it only to functions which
possess derivatives of all orders. Our first application will be to the function
(1.1) where a(?) is a step-function defined as follows:

0=t<a),
at) = {
1 (a <t< °°)7
ala) = L.
In this case
* da(t) 1
<) —fo x+t_ x+a
Simple computation gives
tk—lak
L = dj—— k=1:2’3"" )
relf(2)] = du TEREYT ( )
dk = (Zk b 1)!6],.
We now prove
THEOREM 2.1. If ¢ >0, t>0, then
. 1 (0 =t 0)’
lim Ly [ ]du = {% ¢t =a),
k—o0 0 x + a
1 (1<t< ).

That is, the operator L;..[f(x)] serves to invert the integral (1.1) at least
in this special case. Set

¢ gkl
Hi(t =df —— du.
»(8) ¢ ). T "

S melm o= m()
0 k'“x+a “= *\o/)’

so that we need prove only

Then

0 0=st<1),
lim H(t) = {% ¢t=1),
e 1 (1<t< ).
If 0<t<1 we have
t k-1
2.1) 0 =< Hi(t) < di [(t n 1)2] .
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Since

2k - )2k - 2) ¢ 4

im = <
P k(k — 2) C+ 12 @+ 1)

it follows that the extreme right-hand member of (2.1), and hence also H(2),
tends to zero with 1/k.
If 1 <¢< =, we have by use of the B-function

b

=l mo dfw LA
_— = ——du.
k * e (w1
But

© k1 ¢ k—1
o< a1 T
o wr e S ler o

so that in this case

}im Hy(t) = 1.
Finally, if £=1,
H:(1) __.E_—_l — di deu = _k_:_{ — dy I_uk__l_du
k 1 (u 4 1) k o (w4 1)2
-2l mw
k
by an obvious change of variable. Hence
= LA A
2 k 2

This completes the proof of the theorem.

3. The inversion of the general Stieltjes integral. Before proceeding to
the general case we need to prove the following simple, but extremely useful
lemma:

LemMA 3.11. If f(x) has a derivative of order (2k—1), then
k1 [xkf(x) ] @k—1) — [xzk—lf(k—l)(x) ],
The proof consists merely in computing both sides of the equation by
Leibniz’s rule. In each case we obtain
k 2k — )R}

ng:o 2k — p — DIpl(k — p)!

f(2 k—p—1) (x) x2k—p—1 .
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We shall also need
LeMMA 3.12. If (1.1) converges, then
R 2 ()] -1

lim dpat | ——— 0+) —— E=23--).
z_l?+ k% ] (x-l-t)’" = af +) ( y 9y )
For, if € is a given positive number, we determine 8(e) such that
la@®) — a(0+)| <e 0 =<1t 5).
Then
® k=1 () — a(0 5(e) k—1
’dkx,‘f [a(®) — a(0+)] dt| < edkx,,f LA
0 (= + 9 o (x+0)%*
3.1) © g
et [T ey = a0
sl K v [a(®) — a(0 +)]at |,
® tk-1a(t) — (0 +)] E—1
li d "f dt| S e—— <,
T T e b

the second term on the right-hand side of (3.1) clearly approaching zero with
x. Hence

llm dkx"f (x e ——— a(t)dt = dra(0 +)x"f ( e ——dt = (0 +) ——1

In a similar way we can prove
Lemma 3.13. If a(oo) exists, then

-1
hm dkxkf (x + )2" a(t)dt a(w) T (k = 2! 3’ 4’ tee )~

By use of these results we can now establish
THEOREM 3.1. If the integral (1.1) comverges, then

:;u'n f‘Lk,u[f(x)]du = a(t) — «(0 +) @ > 0.

We begin by writing the integral (1.1) in the form

_ “° alt)
f(x) - ﬁ (x-I-t)’dt’

which we are enabled to do by Corollary 1.21. By Lemma 3.11 we have
f Ly [f(2)]du = ci[u2b-1fG—0(g) ] -1
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But simple computation gives

® ¥ la(y)
(= Dtafuty @] = dut | == ay
Hence by Lemma 3.12
t ®© k-1 —_
fo Lualf)]in = au* | (yt +“y()y2 ),‘ dy - — L0 4).
Consequently, it remains only to show that
3.2) Ex: dit® . %lfj—%);dy = a(f) > 0.
Set y/t=v. The integral in question becomes
g, L ()] ).
0 (1 + v)2k
Further, set
a(t —) 0<ov<1),
Yi(v) = {a(t) (=1,
a(t +) (1<v< ).
Then*

© k-1 .
A f Tt = oGt +) + a(t =) 1Hu(1).

Hence by Theorem 2.1

. v v a(t+) + at —)
lim dkj; m Yi(v)dy = = aff).

k— o 2

Set
Bi(v) = a(tr) — Yu(v).

This function is continuous at ¢=1 and vanishes there. It remains only to
show that

© k-1
lim d f _ dv=0.
k_ll:: k D AT v)”ﬁt(v) v
Given ¢>0, we determine 8(¢) such that

* For the definition of H. +(2) see §2.
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| B:0) | < e lo— 1] = 8(e).
Then

< O)Hi(1 = 5) + e{ Hu(1 + 8) — Hi(1 —8)}

@ gk-1
l dk —_'—2' Bk(v)dv

+ 0(1) {i—:—é - Hi,(1 + a)} .

In obtaining the last term on the right-hand side of (3.3), we have used the
obvious fact that

Bi(v) = O(v) (v— ).

Letting % become infinite in (3.3) and making use of Theorem 2.1, we have

@ gk-1
dkj; mﬁ,(v)dv = €,

from which our result follows at once.

lim sup

k—o

CoRrOLLARY 3.11. If (1.1) converges and if a(t) is continuous in (a, b), then

t
lim Lio[f(x)]du = a(t) — a(0 +)
k— 0

uniformly in the interval a <t <[, where

a<a<B<b (@>0),
ea2a<B<b (a = 0).

To prove this one has only to show that
© gk
im it [ I ) —e0ly ~
= lim d; fo (T-TT?)E [a(ty) — a(®)]dy = 0
uniformly in (e, 8). If we note that
a(ty) — a(t) = o(1) (y—1

uniformly in ¢ for ¢ in («, B), the proof of this proceeds as for Theorem 3.1.
COROLLARY 3.12. If a( ) exists, then

lim | Liu[f(®)]du = a(x) — (0 +).

k—
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CoroLLARY 3.13. If
a(t) = O() (t—> «)
for some positive value of p, then equation (3.2) holds.

4. The Lebesgue integral. In this section we consider the special case of
(1.1) in which

t
«t) = [ pwydn,
0
the function ¢(%) being integrable in (0, R) for every positive R and of such

a nature that (1.1) converges. We then have

a0
(4.1) f(x) = ey —ds.

We now show that the operator L., [f(x)] serves to invert this integral also.

THEOREM 4.1. If ¢ is a point of the Lebesgue set for the function ¢(u), and
if (4.1) converges, then

4.2) lim Ly [f(%)] = ¢@).

k— o

By the Lebesgue set we mean those points ¢ for which
h
f | o + £) — #(2) | du = o(h) (k—0).
0

Direct computation gives

Lali)] = s [ oan

We have to show that
lim djt*! f ey )M [o(w) — ¢()]au

k>
= lim d, fo > +1)2,, 7 [6(w) — ¢()]du
Set

B(3) = f o) — o(¢)lau.

Since ¢ is a point of the Lebesgue set, we have
@.3) B(y) =o(|1-y]) (y—1).
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Then the integral in question becomes

© (u — 1ur1

© uk

If we note that

T8 (y — )2yt ® (4 — 1)k
kdkf —————du < kd ———du =1
s (w4 1)zt o (u 4 1)k

and take account of (4.3), we have, by a method similar to that used in ob-
taining (3.2),

k—2
| 1| = OQ)HL[1 — 5(e)] + ¢ + om{m —Hea[t + a@]} ,

limsup | Ix| <,

koo

lim Iy = 0.

k—o

This proves the theorem.

COROLLARY 4.11. Equation (4.2) holds for points t at whick ¢(1) is continu-
ous.

COROLLARY 4.12. Equation (4.2) holds almost everywhere.

COROLLARY 4.13. If (4.1) converges and if ¢(t) is continuous in (a, b), equa-
tion (4.2) holds uniformly in a <t < where

a<a<pB<b.
COROLLARY 4.14. If ¢(¢t+) and ¢(t—) exist, then

For, set
¢
8,0 = [ ot = o) lay,
1
and note that

Bt w) = o(| 1 —¢]) t— 1)

uniformly in a <% <B. The proof is now completed by obvious modification
of the proof of Theorem 4.1.
At this point we illustrate Theorem 4.1 by an example. Take
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—8

¢
¢(t)=m 0<dé<).

Then
f@) = .
Simple computation gives
I(k—6+4+ )I'(k+5— 1) £

Ly [a7?] = . .
I'(k+ 1)T(k — 1) r'(l — &)re)
‘But
I'(k+ a)
W"'k (@>0,k— ),
so that we can prove directly that
P
lim Ly Ja?] = ———— =
1o eala~] I'(1 — 3)I'() @)

for all positive 2.
5. The saltus operator. We now introduce a new operator by the

DEFINITION 5.1. The operator 1i.,.[f(x)] is defined by the equation
T 1/2
Lalf(®)] = 2 (—k-) Li.[f(®)].

We first apply the operator to the special function

_ [ W) _ et ) — alt o)
f(x)_fo t+v x+1

’

where y.(v) was defined in §3. Direct computation gives

r\1/2 uk
lk.u[f(x)] =2 (7) dkm [a(t +) — a(t —)]

Then by use of Stirling’s formula, or otherwise, we prove

1 0, uF*l,
lim /i,y [——-——] =
k- x+1 1 y u=1,
Hence, the limit of Zx,.[f(x)] is the saltus of () at every point %. This
result is general, as we now prove.

LEMMA 5.11.
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THEOREM 5.1. If (1.1) converges, then
Pm Lee[f(2)] = at +) — alt =) (t>0).

If we define 8(v) =B.(v) as in §3 and note that
w\1/2 ® uk
lk"[f(x)] = 2tk (_k"> di j:) m da(u)

-2(5) ), e,

the special example treated above shows us that we need only prove

. T 1/2 ®© vk
o2 (?) ) om0 "

the function B(v) being continuous and equal to zero at v=1. If we integrate
by parts, the integral in question becomes

I"—_Z( ) d"f 3()@( +1)2k

Now note that
T 1/2 148 d vk T 1/2 1 d vk
2(——) d;,f — — dv<2(—) d,,f —_— —ady
k 1-3 dy (v+ 1)2” k o dv (v+1)2’°

w\1/2 © 4 ok vz g, 1
() e a1 () ol
k 1 dv (v + 1)2" 22k z+1

Hence, proceeding as in §3, we obtain

1 1
I.| = —
’ k| £ O(1)lk,1-s [x+ 1] + 2eli [x-l- 1]

x\1/2 o
om2{—) 4
+0Q) (k) kﬂwu

uk

L_* 4
au u+ e |

Consequently
lim sup | I:| < 2,
k-
lim7I; = 0,
E— o
since

r\1/2 ®
k 143

— |4
du (u + 1)2* “



1938] THE STIELTJES TRANSFORM 25

1 r\1/2 ® . uk
=(1 +6)lk.l+6|:x+ 1] + 2(_12-) dkﬁ+amdu = 0(1) (k— «).

This completes the proof of the theorem.
The same type of argument enables us to prove the following related re-
sult.

THEOREM 5.2. If (1.1) converges and if a(t) has right-hand and lefi-hand
derivatives o) (t) and ! (8) respectively at a point i, then

a () + ()

:im Le[f(®)] = .
For, if we define
o(t) = {(v—l) o (8) 0sv=1,
v — Do/ @) 129v< o,
(1) = a(v) — w(v),
it is clear that
(5.1) cy(@) =o(| 1 —v]) (v—1),

and that*

. v )+l
im0, G0 =S

so that we have now to show that the intégral

vk
Ik=dkj; 'Y()d—v—‘——_( e

approaches zero with 1 / k. This may be done by use of (5.1) if we note that
l+3
<d f 1—n=
- 'ld (+1)u <), ¢ ”)d (+1)2'=

+dkf (1—-9 )d (+1)2k

maf -0 g e, =

COROLLARY 5.21. If a(t) is constant in (a, b), then

dk

* This may be conveniently proved by breaking the interval into two parts corresponding to the
intervals (0, 1) and (1, ) and by using Corollary 4.14.
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lim Ly, [f(x)] = 0
k— o

uniformly for t in (a, B),
a<a<B<b (a>0),

e a<pB<b (a = 0).

Theorem 5.2 becomes of particular interest if «(f) is a function which is
not an integral but which has a derivative almost everywhere. The integral
(1.1) can not then be put in the form (4.1). Yet the inversion formula has
the same effect as if f(x) had the form (4.1) with a’(¢) =¢(?).

6. Generalizations. We turn now to a group of theorems which may be
regarded as generalizations of our inversion formulas.

THEOREM 6.1. If a(t) is of bounded variation in the interval (0, =), and if
V(%) is an arbitrary function continuous™ in the interval 0 <t < o, then

6.0 lim [ p0L.li)]an = f Y(w)da() — a(0 +)¥(0).

k— o

Since we have already established that

t
lim Ly [f(x)]du = a(t) — «(0 +),
k—o 0

we have only to take the limit under the integral sign on the left-hand side
of (6.1) to obtain our result. This will be permissible by the Helly-Bray theo-
remt if the functions

foth,u [f(%) ]du

are of uniformly bounded variation in (0, ») for k=1, 2, 3, - - - . This is so
under our hypotheses, since

o © o tk o
j; |Lk,u[f(x)]|du=dkf0 uk dufo m]da(t)léj; | da(t) |

THEOREM 6.2. If (1.1) converges, and if Y(¥) is continuous in (0, R), then

R R
im [ WOLedlf(x))de = f V(O da(t) — $(0)a(0 +).

k—

* By this we mean that ¢(f) is continuous for every non-negative value of ¢ and that ¢(¢) ap-
proaches a limit as ¢ becomes infinite.

t See, for example, G. C. Evans, The Logarithmic Potential, Discontinuous Dirichlet and Neumann
Problems, American Mathematical Society Colloquium Publications, vol. 6, 1927, p. 15. The infinite
intervals in question may be transformed into finite intervals by the transformation v=¢7*.
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Here, we are no longer assuming that «(f) is of bounded variation in
(0, ). Let & be an arbitrary positive constant, and set

_ R+ da(l) *°  da(f) _
f(x)—fo — +fw = A + Ao,

Clearly, Theorem 6.1 is applicable to fi(x). Let ¥&(f) be continuous in the
infinite interval (0<¢< =), coinciding with ¥(#) in (0, R) and constant in
(R, »). Then

lim Yer(t)Ly,: Lfl(x) Jat
—> 00 0

E—oo

R @
= lim Y(#)Lx,:[f1(x)]dt + lim Y(R) f Li.:[f1(x)]dt
0 b R
. R R+3
= [ w0det) +v®) [ dat) - y0)at0 +).
0 R
Making use of Corollary 3.12, we have

im | yr(Le.[fi(x)]dt = lim (R) | La.[fu(2)1d¢
R k- R

k— o
= ¥(R)[a(t + R) — a(R)].
On the other hand

R
lim V() Lei[fo(x)]dt = 0,
—® 0

as one sees by Corollary 5.21. If we combine these results, our theorem is
proved.

THEOREM 6.3. If a(f) has variation V(R) in the interval 0<t<R, and if
(1.1) converges, then

(6.2) klim : | Li.[f(®)]| dt = V(R) — V(0 +).

It is sufficient to prove the theorem when a(0+) =a(0) =V (0+) =0.

If we set
© av(e)
8(2) = f —

itis clear that

| L [f(#)]] < Li.[g@)].
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Hence Theorem 3.1 gives
R
(6.3) leKfIMMMHaéwm.
k—o 0

On the other hand, from Theorem 6.2 we have for any function ¥/(¢) continu-
ousin (0, R)

fo “v(t)datt)

R
< max I v() I lim inf f | L. [f(x)] | dt.
0<t<R k— 0

Hence the norm of the linear functional

R

[ wdaty

0

which is known to be V(R), is at most

R
lim inf | Li..[f(2)]] ds.
0

k—

That is,
R
(6.4) V@gmmflmmmm.
ko 0

Inequalities (6.3) and (6.4) can not both hold unless (6.2) is true.
COROLLARY 6.31. If V()<  then

lim | |Li.|dt= V(o) —V(©O+).

k> 0

7. Differentiation and integration of the inversion operator. Without any
restrictions on the integral (1.1) except that it should converge we are able
to obtain inversion formulas for the successive integrals of a(¢). The following
result is seen to be a generalization of Theorem 3.1.

THEOREM 7.1. If (1.1) converges, and if m is any positive integer, then

3 (t — u)m t Uy Um—1 uy
lim ———— Liu[f(x)]du = f dttm f Aty f .- f do(u)
m! 0 0 0 0

k— o 0
tm
—a(0+)—-
m.

The result follows at once from Theorem 6.1 with

¢t —wum
m! .

Y(w) =
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The successive derivatives of a(%) or ¢(%), when they exist, may be ob-
tained in several ways. We first prove

THEOREM 7.2. If ¢(4) is of class C™ in the interval 0<t< o, if

® Hm(¢
(7.1) +@0 dt
0 X + t
converges, and if f(x) is defined by (4.1), then
lim Ly [(— 1)/ (2)] = ¢ () ¢>0).
k— o
Since (7.1) converges, we have
t
[ sm@ran = ot t— ).
0
Hence
(7.2) () = o(t~) (t—>w;7=0,1,2,---,n—1),

so that integration by parts gives us

fao ¢(“)(t) i ¢(n—1)(0) _ ¢(n—2)(o) _ 2¢(n—3)(()) o
. .

x4 ¢ x x2 x3
#(0) 10}

—_ — 11— ! -

(n— 1)! - + n! Gt

= (= DY) — X G- 1)

1

| #—(0)
. —T M

The result now follows by use-of Corollary 4.11.
CorOLLARY 7.21. If a(?) is of class C in (0, «), if the integral

2 x{®
f al™(f) i
0 X + 4
converges, and if f(x) is defined by (1.1), then
lim Ly [(= 1)™f*(x)] = a™(5) ¢ >0).
k— o

A more natural procedure is given in
THEOREM 7.3. Under the conditions of Theorem 7.2

n

lim 2 L[] = 400,
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We have at once

A A an  phmn—lyktn
o arwr Ve G
so that
ar tk—n—-luk-l-n
"dkf o(u )a - mdu
Conditions (7.2) now enable us to integrate by parts and obtain
L) = o [ et

for values of % sufficiently large. But the asymptotic behavior of this integral
as k becomes infinite was determined in §4. It clearly approaches the desired
value.

CoRrOLLARY 7.31. Under the conditions of Corollary 7.21

l

o S L] = ).

8. A generalized Stieltjes transform. The results of the preceding section
suggest a way of inverting the general Stieltjes transform
* da(t)
o &+
where p is any positive number. We first prove
Lemma 8.11. If t>0, x>0, p >0, then

z —_— —1 azk—l kI‘ 1 tk—p k+p—1
B = YR e L) PR i
0

F(x) =

T(o) “ st [+ e W
If0<u<t,
(x — u)r? (= wyht 9%+t [u"I‘(p + 1)]
P(p) ouk—1 (u + ;)p+1

(x — w)r~lun,

N N R I e
-=.("7")

Mol (n— b+ 1)1 grtet
If £ <t integration term by term is permissible, so that

z (x — u)r? 9%l Fukl(p + 1)
j; _——P(p) (= w+! Ju2k—1 [ (u + £)ot1 ] du
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_ i (n + 0 (n+ k) (= 1)rtr xnen!
TG\ n = k4 1) et D(ntp+1)

wrtk=l 24 2k — 1\ [ — x\*
= (2k—1)! —_—
-T2 (7))
tk-—pxk+p—1
(x4 0%

It can now be seen by analytic continuation that the formula holds for all
positive x and ¢.

LeuvwMa 8.12. If the integral

= 2k — 1)!

* da(t)
o (x4 10)*

(p>0)
converges, then
(8.1) a(t) = o(t?) t— »).

The proof is similar to that of Theorem 1.2.
By use of these results we now prove

TrEOREM 8.1. If 0<p <1, and if the integral

_ * da(?)
(8.2) F(x) = . (x+t)ﬂ’
converges, then
(8.3) lim t(t — u)p~1Ly o [F(%)]du = a(r .

k— 0

Using Lemma 8.12 we have

a0
P =0 f, G
Then

© 62’0—1 k
Lk.,[F(x)] = Ckp‘l‘0 a(“)(_ t)k—l Jp2k—1 [ (t +.tu)l’+l:| du

By uniform convergence we have for 0<8<y/2
i (y —
s T'(p)

e Syt e
= [ atwan [ 2 o at“-l[(t+u>»+l] #

Ly [F(x)]dt
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We may now replace & by zero on both sides of this equation. To justify this
step it is sufficient to show that

foy(y - t)»—ldtf: | )] £+ l 3;’: [(t "'t:‘)” l] I "

converges. For this it is sufficient to show that the integrals

v © tzk—p—l
.4 —_ -1 - = )
6o [o-omaf lawlgpnmw 0=01p

all converge. But

o(1) (»—0),
“w'tw> @ w),
so that
«© tzk—p—l
j; m|a(u)|du=0(t") (t—»O;p=0, 1,"',k).

This proves the convergence of the integrals (8.4) and hence that
v (y =0t

. ) ——— Li.[F(x)]dt

_ ® v(y — t)! e 92k—1 L
= ckpj; az(u)dufo o) (— t)* pyrrae [(z+u)"+l] dt

dk hd uk—pyk-f'p—l
- f () —2—— du
T(p) Vo (y + w

If we use the known asymptotic expression of this last integral (k— «), our
theorem is established.
We illustrate the theorem by an example. Take

{a(t) =1 ¢> 0,
a(0) = 0,
1
F(x) = —.
xP
Then
k- E—p—1).---(1 — n-.. E—9) 1
Dafig) = SR e 0 B o B P BEEY
I(k — 2)! "
‘ -1 T+ k—1Dr(—k+1)
fo (t — w)"'Ly o [F(x)]du = T ¢>0),
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and the right-hand side clearly approaches unity as ¥ becomes infinite. This
example shows in particular that the restriction p <1 in Theorem 8.1 was
essential, for if p>1, the left-hand side of (8.3) need not converge.

If p is not less than unity we must proceed differently. In order to treat
this case we introduce a new operator.

DEFINITION 8.1. An operator L} [f(x)] is defined by the equation
®)

Lo f@)] = (= 'r@al " o)

In this definition p is any positive number, % is a positive integer greater
than p. The notation is understood to mean

waww=fwﬁi%3ﬂwww

if p is not an integer. If p is an integer
{FO@} e = (= 100
It must not be supposed that for fractional p the function {f®(¢)}» is
the fractional derivative of f(f) of order k—p, defined for 0<p <1 by
a2 (u— g
arJ, ()

(—p) ](k).

f(u)du.

For, this integral need not exist in the present case. For example, if f(£) =¢1/2,
the integral does not exist if p=1/2. Yet the operator L} [f(x) ] clearly exists
for all integers % not less than unity.

We prove next

THEOREM 8.2. If the integral (8.2) converges, then

lim tLZ,u[F(x)]du = a(t) — a0 +) (t>0).

k— o
We first prove that for % sufficiently large
, (k= D! % da(h)
) Jo (x+10)*

(8.5) (B} = (-1
To see this we have

(— DF®(2) =
(8.6)

P@+wf”dW)
T() Jo (x+ 9o+t
Te+k+D) o«

- T o (x+ f)rtiH

’
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N () Lt
fz TF(k)(t)dt

= (- D*

Te+E+1) [ (t—a)  [° o)
f, 1) 2J, Grawem ™

If >0, R>0, x+ 6 <R, the uniform convergence of the integral (8.6) shows
us that

f e F®(t)dt

T'(p)
= lim (— 1)* F(P+k+1) * a(u) ufRM
;:0” o T(p) o+ (8 + u)etitt
— (_ l)kr(p + &+ 1) ® a(u) i w-ﬁ—_i)‘:l_
T'(p) o T(po) () ladas
(8.7 = (— l)kr(k +10)r” a(u)

1) Jo Gtum

provided the integral (8.7) converges absolutely. This it clearly does for £ >p
by virtue of the relation (8.1). An integration by parts now gives (8.5). Then
we obtain

too _ ® y*la(y) k-1
[ alp@lan = as [ 220y - S a0 )

precisely as in the proof of Theorem 3.1. The theorem is now established by
use of Corollary 3.13.
In a similar way we may obtain a generalization of Theorem 4.1.

THEOREM 8.3. If ¢(t) is integrable in (0, R) for every positive R, and if
F(x) is defined by the convergent integral

K0

@ =] Gvo

(P > 0) ’
then

lim Lt [F(x)] = ¢()

at every point t of the Lebesgue set for ¢(u).

Let us illustrate these theorems by use of the same example as we used
for illustration of Theorem 8.1.
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SRR o CH R RS
%* o (4107 o (x4 et o (x+ et

Direct application of Definition 8.1 gives us

L":v‘ [F(x)] = 07
1

Ly, [F(x)] =p,
LiYIF@)] = oo + 1) %;% t

In each case the appropriate limit process gives the result predicted by Theo-
rems 8.2 and 8.3.

9. Uniqueness. Of fundamental importance in later work will be the
uniqueness theorem for the operator Ly,.. As a preliminary result we establish

THEOREM 9.1. Let (), g(t) be functions of class C** in 0 <t< o, and let
(9.1)  lim [pr1f®@)]E-pge-b() =0 (¢t —0,t—>0;p=1,2,---,k),
(9.2) lim [#p1g®(@)]E-2fG-D(@) =0 (t—>0,t—> 05 p=1,2,---,k).
Then

f [ty B () | Pg(1)at = f [s2e-1g® () | B f()ae,
0 0

if either integral exists.

To verify this one has only to integrate successively by parts. Conditions
(9.1) and (9.2) guarantee that at each stage the integrated part vanishes.

THEOREM 9.2. If f(x) is of class C**~ in the interval 0 <x < o, and if
9.3) lim [s22-1f =D () |5=P)(t 4 @)~? = 0
¢t—>0,t>0;p=1,2,---,k;2>0),

(9.4) lim [#51(¢ + @)~ +-1]G-r-D ) (f) = 0
(t_)07t'_)°°;P=0; 5. ,k—2),
(9.5) f(t)=0(ﬂ‘) (t‘—>°°,[.t<k—1),
f&) = 0@™) t—0, v<k+1),
then

fo°° th‘_-lL{(:)_]— a = L”Lk'a [x;“] f@as.
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This result may be obtained at once from Theorem 9.1. For in that theo-
rem replace g(#) by (¢+a)~* and f(¢) by

S1®) =~f1 f(u)du.
We obtain

© Lk,t[f(x)] . © {2k—1p1 (k)
(9.6) j; ——t:a_dt = (— 1)2* Ckﬁ [(t—-l-——a)_"_*_‘] f1(®)dt.

Integrating the right-hand member by parts gives

k—ltlc

9.7 = dkfo mf(t)dt,

= fo i [%H] 1@)de.

It remains only to verify that the integral (9.7) converges. It clearly does by
virtue of (9.5).

We come now to the uniqueness theorem.

THEOREM 9.3. If f(x) is of class C* in (0<x< ), if (9.3), (9.4) kold for
k=234, -, andif (9.5) kolds for some positive p and v which are independ-
ent of k, then

* Li.[f(%)] i
t+a
The proof follows at once by use of (3.2).

Note that if fi(x) and fa(x) are two functions satisfying the condition of
Theorem 9.3 and such that

Li[f1(%)] = Li.[f2(%)]
for all sufficiently large integers &, then

fi(x) = fa(x) (0< x< ).

It is for this reason that the result may be regarded as a uniqueness theorem
for the operator Ls[f(x)].

10. Sufficient conditions for uniqueness. Conditions (9.3), (9.4), and (9.5)
are sufficient for the application of Theorem 9.3. In this form, however, it
may be difficult to determine, in any given case, whether a function satisfies

(9.8) f(a) = lim j; (e > 0).

k— o
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them or not. It is the purpose of the present section to replace them by con-
ditions more easily applied.

TrEOREM 10.1. If

1
f(k)(x)=o(xk+l> (x—)O;k=0, 172"")7
(10.1) )
106 =o(%)  Goeik=0,1,2,0),
%
then equation (9.8) is true.

For, if one expands (9.3) and (9.4) by Leibniz’s rule, one sees that (9.3),
(9.4), and (9.5) are true for all positive integers k by virtue of the relations
(10.1). Note that no positive or negative integral power of x satisfies (10.1).
For such functions f(x) the right-hand side of (9.8) is zero.

For use in the proof of our next result we establish

LeuMMma 10.21. If k is a positive integer, and if

s = 0(=) -0,

t k
then

f‘u“‘“j(")(u)du = O(t++1) (t—0).
0

For, integration by parts gives for ¢>0
f tu2k+lf(k)(u)d,u - t2k+lf(k—l)(t) —_ e2k+lf(k—l)(e) — (Zk + l) f ‘quf(k—l)(u)du.
Making use of our hypothesis regarded f*~(¢), we obtain

t t
f u2k+lf(k)(u)du = t2k+lf(k—l)(t) —_— (2k + 1) f ,u2kf(k—l)(u)du
0 0
= 0(t*+) (t—0).
LeMMmA 10.22. If f(x) is of class C* in the interval 0 <x < o, and if the limits

1
lim | [wb-yd-n@)|®de  (B=1,2,3,---)

«e—0+ €

exist, then
!

(= DH® () ~ (x—04),

xk+1
for a suitable constant A.
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The hypothesis for £ =1 assures us that the Cauchy value of the integral

1
[ lwsau
0
exists, and hence that there exists a constant 4 for which
@) ~ A (t—0).
In particular
1
@) = 0(7) (t—0).
We now proceed by induction and assume that
1
f"’)(t)=0(ﬁ) (t—0;p=0,1, -, k—1).
Since
lim ' [w2E+1fC0) (3) | B+D Gy
0+ €

exists, it follows that

[uzk+10 (1) |0 = O(1) (u—0).

Hence ,
f [u2k+lf(k)(u)](k)du = 0() (t—0),
[2xr1r®m () ] — ¢; = O(F) t—0),

for a suitable constant c¢;. By successive integrations we have
t
f w10 (y)du + Pi(t) = O(t++1) t—0),
0

where P, (2) is a polynomial of degree at most equal to 2. By Lemma 10.21
Pi(t) = O(t*+Y) (t—0).
But this is impossible unless Py (#) is identically zero. However,
t
f [uzk+1f® (u))'du + Py ()) = O@¥),
0
t2k+lf(k)(t) = O(tk),

() = o(i) (t—0).

g+l
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That is, this last relation must hold for all positive integers k. By use of a
theorem of Hardy and Littlewood* the proof of the lemma is completed.
We can now prove

TrEOREM 10.2. If for each positive integer k

R
(10.2) f L. [f(%)]dt = O(R) (R— ),
0
then
Ak!
(10'3) (— l)kf(k)(x) ~ Tl (x—>0, k= 0,1,2--- )’
x
(10.4) f®(x) = O(—l—k) (x> o;k=0,1,2,.---),
x
where
(10.5) A4 = lim zf(x).
z—0+

The conclusions (10.3) and (10.5) Tollow at once from Lemma 10.22. To
prove (10.4) we have

R .
f [ﬁk—lf(i;—l)(t)](k)dt = O(R) (R—> =),
0
for each positive integer £. This shows that
[e2e-1p=0(5) ] =D = O(r) t— =),
PR (f) = O(tF) t— ),

from which (10.4) follows at once.
Our next result is

THEOREM 10.3. If f(x) satisfies (10.2) for each positive integer k, and if

(10.6) lim f(x) = 0,
then
T ® Lk,g[f(x)] A
(10.7) f(a) = l_ll'l: L —t—_':'a——dt +—; (a > 0),

where
A4 = lim xf(x).
-0+

* See, for example, E. Landau, Darstellung und Begrindung einiger neuerer Ergebnisse der Funk-
tionentheorie, Berlin, 1929, p. 58.
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For, set

y.|
g(x) = f(x) — =
Then

1
g<»(x)=,,(__) (x> 0;k=0,1,2,--),

k-

by Theorem 10.2. The same theorem shows that (10.4) is true for g(x). This
combined with (10.6) implies

1
0@ =o(5)  Gowik=01,2 ).
X

k

Hence, by Theorem 10.1,

¢ = lim f: %j_(’:)]dz (@ > 0).

Since
Leo[f(®)] = Le..[g(0)],
we see that (10.7) follows at once.

CoroLLARY 10.31. If the fumctions Li.[f(x)], (k=1, 2,---), are all
bounded, then (10.6) implies (10.7).

CororrarY 10.32. If
(10.8) f | Li.o[1(2)] |7dt < w (k=1,2,---;p21),
0

then (10.7) holds.
For, if p=1, then

fo | (o)) | dt < o,

so that (10.6) must hold. Clearly (10.8) implies (10.2) in this case. If p>1,
Holder’s inequality gives

(10.9) j;R|Lk,t[f(x)]|dt = [j;”|L,,.,[f(x)]|pdt]llpR(p—1)/p’

so that (10.2) is satisfied. For k=1, (10.9) becomes
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1
f(t)=0(— (t— ).

tiir

Hence (10.6) is satisfied. That is, Theorem 10.3 is applicable.

11. a(?) of bounded variation. Here we develop a necessary and suffi-
cient condition that the equation (1.1) should have a solution «(#) of bounded
variation in the infinite interval (0, ).

THEOREM 11.1. A necessary and sufficient condition that f(x) should have
the representation (1.1) with a(t) of bounded variation in (0, «) is that

(11.1) f:ILk.,Lf(x)]IdKM (k=1,2,---),

where M is some constant independent of k.

To prove the necessity we have

© uk k—1
L =d —d ,
k.t[f(x)] k o (+ u) ()
where
f |da(u)| < o,
0
Then

0 L L) k
fo | L lf(®)]| dt < da fo 114y f (tTu)—ﬁ' da(u) |
£
= dkj; u’cl da(u) If (t ey —_—dt

=—;—-f | da(w) | gf | da(w) |-
0 0
This proves the necessity. )

For the sufficiency, we have by Corollary 10.32

f@ =tim [ "‘J[:(:)] (>0,
4 = lim xf(x).
z—0+

By a theorem of Helly* we can pick from the set of functions

ak(t) = f ‘Lk,uU(x)]du (k = 1, 2’ ... )

* E. Helly, Uber lineare Funktionaloperationen, Wiener Sitzungsberichte, vol. 121 (1921), p. 265.
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a subset ay,(#) which approaches a function o*(#) of bounded variation in the

interval (0, °°). Then
da (2 A

=1
f(a) im .t

By the Helly-Bray} theorem we may take the limit under the integral sign

_ * da*(¢) A
1@ —fo s

_f da(t) (@>0)
0

and obtain

B t+a
where «(f) vanishes at the origin and differs from o*(¢) by the constant 4 for
positive values of ¢. This completes the proof of the theorem.

12. o(?) non-decreasing. Let us introduce
DEFINITION 12.1. A function f(x) satisfies Property A if and only if

Lii[f(x)] z 0 ¢>0,k=0,1,2,---).
Clearly this is equivalent to
f®) 20, (= 1)r1[a2k1f¢D(z)]® = 0 (x>0;k=1,2,---),
or to
f(x) 20, (— D xf(x) ]2 z 0 (x>0;k=1,2,---).

In the proof of our result we shall need
LeMMA 12.11. If ¢(x) is of class C' in 0<x =<1 and if ¢'(x) is bounded on

one side in that interval, then —¢(x) is bounded on the same side there.

The proof is obvious.

THEOREM 12.1. If f(x) has Property A, then the relations (10.3) and (10.5)
hold. .

Since xf(«) is a positive increasing function, it follows that the constant 4
of (10.5) is well defined. It will be sufficient to prove that
) (x—0;p=0,1,2,---).

1
1@ =o( o5

Since this has been proved for k=0, we may proceed by induction. Let us

t See, for example, G. C. Evans, The Logarithmic Potential, Discontinuous Dirichlet and Neumann
Problems, American Mathematical Society Colloquium Publications, vol. 6, 1927, p. 15.
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grant then that these relations hold for =0, 1, 2, - - - , 2—2. By hypothesis
(— D [xtf(x)] - 2 0 (x> 0).
By Lemma 12.11
[#*(x)]-0 < M O<z=<1)
for a suitable constant M. Also
(= D¥2[x+Yf(2) |2+ = 0
from which we deduce in the same way that
[#*1f(x)] D > N O<z=<1)
for a suitable constant N. But
[e4(0)] 00 = ala+=11()] 00 + (b = D7),

Since the second term on the right-hand side is O(1) by our assumption
(10.6), it follows that

Nz + 0(1) < [x*f(x)]*D < M O0<zx=1).
Hence
[#4f(x) |- = O(1) (x—0).
Expanding by Leibniz’s rule we see that

1
1o = 0(2),
xk
so that the induction is complete. Hence (10.3) is established.

THEOREM 12.2. If f(x) has Property A, then there exist constants A, A,, - - -
such that

A
xk+l

(12.1) (= D¥®(2) = (k=0,1,2,---;0< 2 < ).

Since
(- l)lc—l[x2k—lf(k—l)(x)](k) >0,
it follows by successive integration that
(- l)k—l[x2k—-lf(k—l)(x)] = Ap_1xt? 1=sz< ®).

By Theorem 12.1 a similar inequality holds in the interval (0 <x <1), so that
(12.1) follows at once.
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THEOREM 12.3. If f(x) has Property A and if xf(x) approaches a limit as k
becomes infinite, then

fomLk,t[f(x)]dt = ? [ lim xf(x) — 11_1.1; xf(x)].

T— 0
For, if

B
f(@) ~— (x> ),
x

then Theorem 12.2 with the addition of the Hardy-Littlewood result referred
to earlier shows us that

B
(12.2) (= DX ®(x) ~

Plax! (x> ).

It is easily seen that the relations (12.2) imply that
lim (— 1)¥1[s1fG-D()]3-D = (& — 1)!(k — 1)!B.

t—

There is of course a similar result for —0 following from the relations (10.3)
which are necessary consequences of Property A. Hence

f ka,:[f(x)]dt = ¢ f w(— 1) 41 [g2k=1f =D (5) | (W) gy
0 0

(k= Dk — 1)
O RN(E=2)!

This proves the theorem. It is to be noted that the existence of B added to
our hypothesis in this theorem is not a consequence of Property A, as one
sees by the examples f(x) =1 and f(x) = (x)~V/2. Both satisfy the property but
in each case B fails to exist. We can now treat the casef of bounded non-
decreasing functions a(s).

[B— 4].

THEOREM 12.4. A necessary and sufficient condition that f(x) should have
the form (1.1) with o(t) bounded non-decreasing is that f(x) should have the
Property A and that xf(x) should approach a limit as x becomes infinite. Further,

(12.3) a(o) — a0 +) = 1im Ly [f(x)]dt.

The necessity of Property A follows from an inspection of the relations

t The author treated this case by another method in an earlier paper: D. V. Widder, 4 classifica-
tion of generating functions, these Transactions, vol. 39 (1936), p. 244.
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Lo [f(®)] = 1),
= k—1 - = PN
Llf@) =t [ —daty k=120,
Moreover, it is obvious that

lim 2f(x) = I * xda(t)
m xf(x) = lIm
z— 0 T— o 0 X + t

= a(®).
To prove the sufficiency we first appeal to Theorem 12.3. This shows that

wak,,[f(x)]dt <B-4 (k=1,2,---),
0

where 4, B are defined as in the proof of Theorem 12.3. Hence (11.1) is satis-
fied, and, by Theorem 11.1, f(x) has the representation (1.1) with a(f) of
bounded variation in (0, «). To show that «(f) is non-decreasing we now
appeal to Theorem 3.1. Clearly, on the assumption of Property A, the func-
tions

f‘Lk,u[f(x)]dm (k=1,2,--+)

are non-decreasing functions of ¢.

Finally, (12.3) is a direct result of Corollary 6.31.

We turn next to the case of unbounded non-decreasing functions a(f). For
the discussion of this case we need

LeMMA 12.51. If f(x) satisfies Property A, then it approaches a limit as x
becomes infinite.

For, since

— [wfw)]® 20 (u>0),

we have for 0 <y <z by successive integrations
2 2 2 ’ (x — y)z 2 ’”
= #¥(x) + () + (= — ») ¥ ()] +——— by 20,

whence
lilil_’s‘:lpf(x) = E = [y¥(»]” (y>0).

Successive integration of the inequality

[wf(w)]” —2E20
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gives
2f(x) — y(3) — (& — M [y ()] — E(x — »)* 2 0 0<y<ua).
Hence
lim inf f(x) = E,

Z— 0

or
(12.4) lim f(x) = E = 0.

LemMA 12.52. If f(x) satisfies Property A, then for each non-negative in-
teger k the function [x*f(x)]® is completely monotonic for x>0,

(= D [z*f(x)]*Fm z 0 (n=0,1,2--).
By (12.4) and (12.1) it follows from the Hardy-Littlewood result quoted
earlier that
f(")(x)=o(;1;) (k=1,2,::: ;x> ),
Since
(= DF[xbf(x)] D 2 0 (x> 0),
and since
lim [#¥/(x)]™® =0 (w=k+1,Ek+2,---),

Famd
it follows by successive integrations to infinity that
(12.5) (= Dr[aHf(@)]**m z 0 (n=1,2--,k—1;2>0),
(12.6) [#*f(x)}® 2 E 2 0.

It remains to show that (12.5) holds for n=~%, k+1, - - - .
Let 7 be a positive integer, and replace f(x) by #'f(x) in Lemma 3.11. We
obtain

[ai—t{ arf(x) } D] B = gr=1[ghtrf(g)]2E-D,

Hence by (12.5) and (12.6)

(- l)k—r—I[xH-rf(x)](zk—l) =0 (k2r+1),
(12.7) (= D+t ettt {arf(a) ) 0] 2 0 (kzr+1).
But
lim [x2k—1{xrf(x)}(k—l)](p) =0 ($p=0,1,2,---,k—1;r>0),
z—0+

lim (— 1)%2[a2k-1fD(2)]*D = (k — 1)I(k — 1)1 4 2 0.
70+
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Hence successive integrations of (12.7) from zero give
(= DEMarf() ]+ 2 0 (kzr+1),
and this completes the proof of the lemma.

Lemma 12.53. If f(x) has Property A, and if 6>0, then f(x+6) has the
same property.

For,
(= D e + e

= Z ( ) - 1)p+k—l[(x + 8)*rf(x + 5)](21:—1).

p=0

(12.8)

By Lemma 12.52
(= D¥r(x + 8)*2f(x 4 8)]*1 2 0 #®=0,1---,%),
so that every term in the sum (12.8) is non-negative.
LeEmMA 12.54. If f(x) kas Property A and if 6>0, then
flx +8) — f(8)

F(x) =

has the property and
(12.9) lim xF(x) = f(8) — f().

z—®©

For
(— D x F(x) [0 = (= 1)*[x*1f(x + §)] @+ (k=1,2,---).
But the right-hand side is non-negative by Lemmas 12.52 and 12.53. Also

F(x)=f(—x—w=—f’(£);o B<tE<d+ 1),

so that F(x) has Property A. By Lemma 12.51 we deduce (12.9).
By use of this last result we can now prove the main result of the section.

THEOREM 12.5. Property A for the function f(x) is necessary and sufficient
that it should have the form

da (t)

(12.10) f(x) = E+f

where a(t) is non-decreasing and E=0.
The proof of the necessity is made as in Theorem 12.4.
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For the sufficiency we have at once by Lemma 12.54 and Theorem 12.4
for a given positive &

F(x) =

[ed D = f0) _ (7350,
0 X + t
where B(?) is non-decreasing and bounded. In fact
B(0) =0, B(x) = f(3) — f(=).
But §(#) must be constantly zero in (0, §), for otherwise it would have a point
of increase there and by Theorem 1.7, f(x) would have a singularity for some
positive x. But, by Lemma 12.52, f(x) is completely monotonic and hence
analytic for x >0. Hence

a8 = 10 = [ as) = sy + [ as0 - [ ast)

0

s+ [ a0 = s + [,
6+

f(2) = f(=) + f " 480 + )

da(t)

(12.11) —f(oo)-l-f

where

(= >9),

alt) = f (u + 8)dB(u + 5).

Clearly a(?) is non-decreasing. It is independent of & by Theorem 1.6. Hence
(12.11) holds for all x>0, and our theorem is proved.

13. ¢(¢) of class L?, p>1. In this section we deduce conditions on f(x)
which will insure its representation in the form (4.1) with

(13.1) fo | 6(0) |Pdt <

for some constant p >1. The result is

THEOREM 13.1. A necessary and sufficient condition that f(x) should have
the form (4.1) with ¢(8) satisfying (13.1) is that

(13.2) j; | Li. [f(x)]|?dt < M (k=1,2,---),

(13.3) lim xf(x) = 0,
-0+
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where M is some constant independent of k.
For the necessity we have from §4

LMM@humHj;EfB;amw (k=1,2,---).

These integrals all converge absolutely since

[tatsoios] [wora] PR

.__+_= 1,
g

by Hélder’s inequality. We also have for 2>1
© uk «© tk—luk ple
Ly, Pédt"—lf—— »d [df——d] ,
| Lli@] > = durt | o leta Prdu | da | oy du
@ o © uk
13.4 f Ly, ?dt < d f t"“dtf —_— d
.9 | | Lul@]l +). e Ll

E—1pr" °
== [ Lot e = [ ] o |ran.

For k=1, this argument fails. However, in this case we can obtain our
result by use of Hilbert’s double-integral theorem.{

Lolfa)] = [ 29 4,
(13.5) 0 ()
[ 1ds@lea s oo [ | o loa,
0 0
where

3G

T(2)

Clearly (13.3) also holds, since

z—0+

¢t
lim zf(x) = ll_iLri f o(u)du.
0

t See G. H. Hardy, J. E. Littlewood, G. P6lya, Inequalities, Cambridge, 1934, p. 229, Theorem
319,
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Hence the necessity of (13.2) is established.
Conversely, we see that (13.2) implies, by Corollary 10.32, that

e ® Lk,,[f(x)] A
o = tim [ SR g >0,
A = lim zf(x).
z—0+

Furthermore, (13.2) impliest the existence of a subset &; of all the integers %
and a function ¢(#) of class L? in (0, «) such that

o [ L), 700,
i J g t+a o t+a
Hence
A © ¢(t
(13.6) flx) =— + +¢) dt (x> 0).
x 0o x+¢

But 4 is zero by virtue of (13.3), so that the theorem is established.

COROLLARY 13.11. Conditions (13.2) are necessary and sufficient that f(x)
should have the representation (13.6) with ¢(¥) satisfying (13.1).

COROLLARY 13.12. If f(x) has the representation (4.1), (13.1), then
lim | Lic[f(2)] |7dt = f | $(2) | 7dz.
0 . 0

k— o

For, Fatou’s lemma gives
f | ¢(¢) |?d¢ < lim inf f | Li..[f(x)] |2ds.
0 0

This combined with (13.4) gives the result.
14. Continuation, p=1. That Theorem 13.1 can not hold for p=1 one
sees from Theorem 11.1. For this case we prove

THEOREM 14.1. A necessary and sufficient condition that f(x) should have

the form (4.1) with ¢(t) of class L in (0, =) is that the functions Ly.[f(x)],
(k=1,2, - - ), should all be of class L and that

(14.1) ’}}m | Li.e[f(%)] — Lu[f(2)]] dt = 0,
(14.2) lim zf(x) = 0.
20+

t See S. Banach, Opérations Linéaires, p. 130. The proof there given is easily extended to the
case of an infinite interval.
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If f(x) has the form (4.1) with ¢(¢) of class L, then

k—lk
fILu[f<x>]|dt<dkf dtf | 9 |

=f°uk|¢<u>;duf(+ = _f || du  (k=1,2,- ),

so that the first part of our condition is necessary. For the second part we
have

| Le [f(#)] — ¢(2) | < dse fo (Tt;;—:—);l o(u) — ¢(t) | du

o uk
=ds fo T | o(tw) — ¢(8) | du.

Hence

k

T g(w)du,

[ Indi@) - sl s o f

where

g(u) = fo °Ql«aS(m) — ¢() | at.

But g(1) =0, g(#) is continuous at #=1, and a constant M exists such that

lgw)| < My + M 0<u< ),
Under these conditions

li df _— du=g(1) =0
lim ds | O g(w)du = g(1)
by Corollary 4.11. From this (14.1) is immediate.

Conversely, the assumption (14.1) implies the existence of a function ¢ ()
of class L such that

(14.3) |L;c JLf(x)] — o@) | dt =0,

k—no

(14.4) tim [ | Laalfo)]| dt = f | 6() | de.
k—o 0 [}

Equation (14.4) combined with (14.1) implies (11.1) for a suitable constant
M. Hence by Theorem 11.1
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‘ _ “ da(t)
f(x) -fo —

where a(?) is of bounded variation in (0, «). But

fo “Lk.ch(x)]dt - fo “o(t)as

Hence by (14.3)

< fo | Ly [f(x)] — @) | dt (> 0).

lim uLk,:[f(x)]dt = f uqb(t)dt.
0 0

k—

But by Theorem 3.1

im [ Led[f(#)]d = a() — a(0 +) (> 0).
0

k— o
By (14.2)
lim zf(x) = (0 +) = 0,
z—0+

so that
alu) = f o)t @z 0).

This completes the proof of the theorem.
CorOLLARY 14.11. If f(x) has the form (4.1) with ¢(t) of class L, then

lim | Le.[f(x)]dt = f o(1)dt.
k—o 0 0
15. ¢(#) bounded. To conjecture a condition for this case one would natu-
rally allow p to become infinite in (13.2). This would lead to
(15.1) | Li.f»)]| < ¥ (k=1,2,--).
But note that for £=1 we have (13.5) and that

1 1
lim » = lim 1"(2 —-—)I‘(—) = .
p—roo p—roo p p

In fact (15.1) is not necessary for the boundedness of ¢(f). For, let ¢(#) be
equal to unity in (0, 1) and zero elsewhere. Then

1 1
Lx.c[_f(x)] = log (1 + 7) - t—-l_-_l— t>0),
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and this function becomes infinite as ¢ approaches zero. We may overcome
this difficulty by replacing (15.1) (¢=1) by a condition on f(x) of a slightly
different type. The result is stated in

THEOREM 15.1. A necessary and sufficient condition that f(x) can be repre-
sented in the form (4.1) with ¢(8) bounded is that

(15.2) | Lio[f(n)]]| < M ¢E>0;k=23---),
(15.3) lim zf(x) = 0,

z—0
(15.4) lim f(x) =0

z— o

for a suitable constant M.
If f(x) has the form (4.1), and if

lot)| < M 0<t< w),
then

o ktk—1
| Lealf(0)]] < d"fo #l«ﬁ(u)ldu (k=23 ),

o that (15.2) is satisfied. Also

L t u
lim =) dt = lim f o(dt = 0,
z—0+ Jog X+ ¢ u—0+ v o
“ ot
lim ¢¢) dt =0,
z— o 0o X + ¢

so that (15.3) and (15.4) also hold.

Conversely, (15.2) implies (10.2) at least for k=2, 3, - - - . Also (15.3) and
(15.4) imply (10.2) for £=1. Hence (10.3) and (10.4) hold. But these com-
bined with (15.3) and (15.4) give

1
f(k)(x)':o( k+1) (x_’o;k=0’1)2"'°))
X

f""(x)=o($) (i k=0,1,2,- ).

Hence we obtain by successive integration by parts the identity

. L [t2lc—lf(k—-l)(t)](k) _ L ® gkl ,
c(— 1)* fo 10 dt = — dyx* fo —————(x_i_t),kf(t)dt

By (3.2)
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* Le[f(#)] i
(x+ 02

Furthermore (15.2) implies the existencet of a subset %; of the integers k£ and
a bounded function ¢(#) such that

— f(x) = lim f

k— o

-] L -]
— (%) = lim f walf@1 , _ 7_e@)
‘ ine Jo (x4 2)? o (x4 )2
Now let 0 <x<y. Since the integral
O] )
o (x40

is uniformly. convergent in any closed interval of the positive x-axis, we
have

- [— 2O
10 =160 = 0= [ S
Hence, for any fixed positive z, (15.4) gives

W ORI ()

15.5 .
(15-5) e T S =)
Moreover, since ¢(¢) is bounded, there exists a constant N such that

t N
L 2 - — 0 <t < ).
x4+t t

Hence we are in a position to apply a Tauberian theorem of Hardy and Little-
wood{ to the integral (15.5) considered as a function of y. The conclusion is
that

10

f(=) = . x_-ﬁdt’

which is what we set out to prove.
CoRrROLLARY 15.1. If f(x) has the form (4.1) with ¢(t) bounded, then§

lim l.u.b. | Li.[f(x)]| = true max | ¢(¢)|.
0<t<o

t—o 0<t<™

t See, for example, S. Banach, loc. cit., p. 130.

1 G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XI): on Tauberian theorems,
Proceedings of the London Mathematical Society, vol. 30 (1930), p. 33.

§ For definition of true max see, for example, S. Banach, loc. cit., p. 227.
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16. A more general case. We next investigate what functions f(x) can be
represented by a convergent integral of the form

®d
f(x) = f x'f)t»

with no restriction on a(f) except that it should be of bounded variation in
every finite interval, and bounded in the infinite interval. To treat this case
we need certain preliminary results which we now establish. We introduce a
new operator M. .[f(x)] by the

DEFINITION.
Mii[f(®)] = (= DFta [t () [+-D (k=123,4,--),
My Jf(®)] = ¢0).

Our first result is contained in

THEOREM 16.1. If

(16.1) ™ = "(717) (¢t—>0,2=0,1,2,---),
(16.2) f‘”)(t)=o(t%> (t—>w;n=012---),
then

1) = lim f:y&‘T[f(;z—]dt (x > 0).

By an application of Theorem 9.1 or directly by integration by parts one

shows that
* Mi[f(®)] fw wr-1gk
——dt=d —F— f(¥)dt.
fo (x + )2 *J, (x+t)2kf()

Equation (3.2) now gives the result desired.
We shall next show that conditions (16.1), (16.2) follow automatically
from the boundedness of M. [f(x)].

THEOREM 16.2. If
(16'3) Mk,‘[f(x)] =0(1) (t—>°°,t—>0;k = 17 2, )7

then (16.1) and (16.2) are true.
For, one sees easily that (16.3) implies
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f(k)(t)=0(L) (t—)oo,k=0, 1’2)"'),

tE+1

of which (16.2) is a trivial consequence. Furthermore (16.3) implies

(16.4) [pe-1pG-D(g) |+ = O(1) ¢t—0),
(16.5) [ppe1p-D () |2 = O(1) (¢—0).
If we now assume (16.1) for (=0, 1, 2, - - - , 2k —4) we see that it also holds

for n=2k—3 by (16.5) and for n=2k—2 by (16.4). Since it obviously holds
for n=0 by (16.4), k=1, it must hold in general.
By use of these results one may now prove

THEOREM 16.3. A necessary and sufficient condition that

® ¢@)
16.6 x) = )
(16.6) 1@=J
where ¢(t) is bounded is that there should exist a constant N for which
(16.7) | Mo lf(®)]| < N (k=1,2,3,---;0<2< ).

Note the contrast of this result with Theorem 15.1 by reason of the ab-
sence of any conditions of the type (15.3), (15.4). The proof follows by use
of Theorems 16.1 and 16.2, and is omitted.

For the applications to follow it is desirable that the conditions of Theo-
rem 16.3 involving the operator M, [f(x)] should be replaced by one involv-
ing Lx..[f(x) ]. We thus prove

THEOREM 16.4. A necessary and sufficient condition that f(x) should have
the representation (16.6) with ¢(t) bounded and satisfying

t
(16.8) f B(u)du ~ At (t — 0)
0
for some constant A is that

(16.9) <N (k=1,2,3,---)

f th,., [/(x)]du
0

for some constant N.

If f(x) has the representation described, then it follows from an abelian
theorem, easily proved, that

(— 1D*rl4
(16.10) f®(x) ~ —

e (x—0).
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But (16.10) shows that

foth,u[f(x)]du = M. [f(x)] — (— 1),,_,<

k

(16.11)
¢ (k=2’3’)9
(16.12) f Liu[f(x)]du = My, [f(x)] — 4.
0

By Theorem 16.3 the right-hand sides of these equations have upper and
lower bounds independent of %, so that the necessity of (16.9) is established.

Conversely, the existence of the integrals (16.9) implies by Theorem 10.2
the existence of a constant 4 such that

1B () Nﬂ (x— 0).
xk-f-l

Hence (16.11) and (16.12) are again true and (16.9) impliés (16.7). That is,

(16.1) holds with ¢(¢) bounded. It remains only to establish (16.8). But this

follows from (16.10), £=0, and the boundedness of ¢(f) by a known Tau-

berian theorem.}

By use of these preliminary results we now prove
THEOREM 16.5. A necessary and sufficient condition that
* da(t)
1= [ =2

where a(t) is a normalized function of bounded variation in every finite interval
and is bounded in the infinite interval, is that there should exist a constant M
and a positive function N (8) such that

R
(16.13) |f L. [f(x)]at | =M (R>0;k=1,2,3,---),
0
R
(16.14) f | Ly [f(x)]| dt < N(R) (R>0;k=1,2,3,---).
0
If f(x) has the representation described, then
_ ° at)
(16.15) f(x) = fo G t)zdt,
f ‘a(u)du ~ a0 +)¢ t>0),
0

t G. H. Hardy and J. E. Littlewood, On Tauberian theorems, Proceedings of the London Mathe-
matical Society, vol. 30 (1930), p. 33, Theorem 5.
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so that (16.3) follows from Theorem 16.4. Also
R
tim [ Leals@)]| 4 = VR = VO )
— 00 0
from Theorem 6.3, so that the existence of N(R) is insured.

Conversely, (16.13) implies that f(x) has the form (16.15) with a(z)
bounded and

f ta(u)du ~ At (t—0).
Set ’
w® = [ Lualiolan = Moalf] - (- = 2L
0 k
But
®  yk—1zk
My [f(2)] = ds , ma(u)du,

and we showed in §3 that this integral approaches «(f) except perhaps in a
set E of measure zero. But the variation of a,(¢) in (0, R) is clearly not greater
than N(R) by (16.14). Hence «(t) is a normalized function of bounded varia-
tion in (0, R) if suitably redefined. This redefinition has no effect on f(x)

since E is of measure zero. But
* * da(t)
_ )
o(x+t)2 x+ ¢t o x+1¢

“a®  _ _ a®)
The first term on the right-hand side is zero since «(f) is bounded and «(0) =0.
Hence the theorem is completely established.

It might be supposed that we could remove the restriction of boundedness
of a(?) by considering the function

reay < 10 = 1O)
6 —x

as was done in §12. For even if «(f) becomes infinite, F(x) satisfies (16.13) and
(16.14) when the integral

* da
(16.16) f(x) =f x-I(-t)t

converges. The converse is not true. If F(x) satisfies (16.13) and (16.14) we
have indeed
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&) = @) _ [0
d—x o (x4 82
where (85(¢) is bounded. If f(x) had the representation (16.16), then

t da
Bi(?) =f ® :

F(x) =

b

0o 0+¢
But if a(f) =t sin ¢, then B;(¢) is bounded. For
8s() t sin ¢ + t usinu p
= —— u,
FIIPEN AT
and

® wsin u

—du
o (04 u)?

converges. But by Theorem 1.2 the integral (16.16) can not converge unless
a(t) =o(#), which is not the case in the example considered.

17. The Paley-Wiener inversion operator. We conclude by showing the
relation between the operator Ly, [f(x)] and the inversion operator given by
Paley and Wiener.t They showed that if

1)

fx) = . x_-i-—;dt’

where ¢(?) is a function of class L? in the interval (0, «), then

1 m — 1 n d 2n
() = l.i.m. > St («t—) (#2(2)).

mow w2 170 (2’”) ! dt

We may abbreviate this precise result by the symbolic equation

() = (cos #D)(#/%/(2)),
Rk
where
d
D = t—— .
dt
On the other hand
1 k=2 2D
17.1 L = 1 — 12(8),
(17.1) wli@) = o T (1= o) o)
where

t For reference see Introduction.
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1 3 355 2k—5 2k—3 k—32k—-1
(17.2) gk——(———-——- . )
2 2 4 4 6 2k—42k—4)2k—2 2k

To prove this one has only to verify that the differential operators on op-
posite sides of equation (17.1) have the same system of fundamental solu-
tions,

1 1 1

gy ey — 1’ x’...’xk—a, xk—2’
X

——

xk xk-1

and to compare the coefficients of f@*~V(¢) in the expanded forms of both
operators. This coefficient for the left-hand side of (17.1) is

ck( — 1) k—lt2k—l ,

while for the right-hand side it is

k— —_
2. I-f ( 2 )tzk—l.
T ek \222 4 1

Equating these coefficients gives (17.2).

Since
k—2 22
cos wz = lim 1 -
s .Il( 2+ 1)’

2 © (n—12n+1
—=H< . )
T =1 2n 2n

lim g =1,

k— o

and

it follows that

and that

lim Ly [f(%)] = (cos D) (#112f(2)),
k— o

w2

so that the two operators are symbolically equivalent.
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