
THE STIELTJES TRANSFORM*
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(1)

Introduction. The Stieltjes transform is defined by the equation

da(t) .        fR da(t)C   da(t) rHd<
/(*) =     —rz = lim     -

J o    X + t R->»   J o    X + t

We assume that a(t) is of bounded variation in (0, R) for every positive R

and that the limit (1) exists. If a(t) is the integral of a function <p(t), we ob-

tain the special case

(2) /(*)=        -^-dt.
Jo   x + t

In this paper we discuss two distinct but related questions, the inversion

problem and the solubility problem. In the former we assume that f(x) is a

function which admits the representation (1) or (2), and seek to determine

a(t) or <j>(t) from f(x). In the latter we seek necessary and sufficient conditions

onf(x) that it should have the representation (1) or (2).

A solution of the inversion problem was given by Stieltjesf himself by

means of contour integration. His result was

a(t +) + a(t -) 1   f-iT
—--  = lim R — I f(s)ds,

2 t-»o      iriJ—t—iy

where the symbol R means "real part of."

It is our purpose to obtain a real inversion formula, one depending only

on a knowledge oif(x) and its derivatives on the positive real axis. One may

conjecture the existence of such a formula by noting that the Stieltjes trans-

form is the product of two Laplace transforms. That is,

f(x) =   I    e~xudu I    e~utda(t).
J o " o

But a Laplace transform admits of two types of inversion, one by contour

integration and one by use of the successive derivatives of f(x) on the posi-

tive real axis.J As we showed in the paper cited, these two inversions are

* Presented to the Society, December 31,1936; received by the editors March 1, 1937.

t Collected works of T. J. Stieltjes, vol. 2, p. 473.

Î D. V. Widder, The inversion of the Laplace integral and the related moment problem, these Trans-

actions, vol. 36 (1934), p. 107.
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analogous to the two classical determinations of the coefficients of a power

series, one by Cauchy's integral, the other by Taylor's series.

A real inversion of the integral (2) has been found recently by Paley and

Wiener* in case <b(t) and [cj>(t) ]2 axe integrable in the interval (0, «>). The

result is

1     »   (- 1W    d\2"r
(3) l.i.m.—£——(x*-)   [<w,/(0].

m-.«      irt1'2 „_o     (2»)!    \     dt /

The formula obtained in the present paper seems, at first sight, totally un-

related, but we shall show later that this is not the case. It is

(_  t)k-l        ¿24-1

Lk,t[f(x)] = —-[tkf(t)\.
U kl(k - 2)\ dt2k~i     J

This is a linear differential operator of order 2k — 1. With no restrictions on

4>(t) beyond those necessary to make (2) converge we show that

lim Lk,t[f(x)] = <t>(t)

for almost all positive t. Further, we prove that

f         r        ,           a(t+)+a(t-)
lim   I   Lk,u[fix)]du = —- - a(0 +)
t—*oo J o 2k-

for all positive /.

The method employed is the same as that used earlier by the author for

the Laplace transform. That is, one employs a known method for discussing

the asymptotic behavior of an integral of the form

f   [g(t)]"<t>(t)dt
J 00

as k becomes infinite. In the present case

a function which has a single maximum at / = x. We observe that the funda-

mental solutions of the linear differential expression Lk,t[f(x)] are

fix) = x"       (n = - k, - k + 1, - k + 2, ■ ■ ■ , - 1, 0, 1, • ■ • , * - 2).

Hence we may say that the Stieltjes transform is inverted by the linear differ-

* R. E. A. C. Paley and N. Wiener, Fourier transforms in the complex domain, American Mathe-

matical Society Colloquium Publications, vol. 19, 1934.
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ential operator of infinite order which has all integral powers of x as its funda-

mental solutions.

We solve the solubility problem by obtaining necessary and sufficient con-

ditions that f(x) should have the representation (1) or (2) with a(t) or (¡>(t)

belonging to certain familiar classes. The most important classes considered

are a(t) of bounded variation or non-decreasing, <b(t) of class Lp;(p^l) or

bounded. For example, we prove that f(x) has the form (1) with a(t) non-

decreasing if and only if

f(x) ^ 0,        (- l)k[xkf(x)y2k-v ^ 0 (x > 0; k = 1, 2, • ■ • ),

This is the analogue of Bernstein's theorem on completely monotonie func-

tions. The case of the integral (2) with <p(t) belonging to L2 was treated by

Paley and Wiener in the Colloquium lectures cited above.

A formula for computing the saltus of a(t) at a point of discontinuity is

also obtained. In fact we show that

/ir\1/2

lim 2t( — )    Lk,t[f(x)j = a(t +) - a(t -) (t > 0).
*-»»     \ k /

An inversion formula for the generalized Stieltjes transform

f°°   da(t)

J0 (x + ty

is also obtained.

The final section of the paper shows the relation between the Paley-

Wiener operator and Lk,t [/(*)]. The former can be written symbolically as

(cos *£>)[*»/*/(*)],

where

d
<D = t—-

dt

For, the finite series (3) is clearly a section of the infinite power series for

cos 7tO. We show that Lk,t [f(x) ) is essentially a section of the familiar infinite

product expansion of the cosine, so that symbolically the operators are

equivalent. It should be observed that the Paley-Wiener operator is ap-

plicable only to the case in which 4>(t) belongs to L2 (at least in so far as

proofs have yet been given), whereas the operator of the present paper is

not so restricted.
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1. General properties. Let a(t) be a complex function of the real variable t

of bounded variation in the interval O^t^R for every positive R. Such a

function is said to be normalized if

«(0) = 0,

a(t+) +a(t-)
«it) = 2 it>0).

We assume throughout that ait) has these properties. It is clear that the in-

tegral

•R da(t)

•J 0o   s + t

exists for every complex s = a+ir not on the negative real axis, r = 0, <r^0,

which we shall henceforth denote by D. Set

da(t) .       rRda(t)r   da(t) C
(1.1) /(*)"        ~7 =Um

J 0     S + t R->"   J 0 S + t

whenever the indicated limit exists. Then the improper integral (1.1) is said

to converge. We show at once that the region of convergence of (1.1) is the

whole complex plane less the ray D.

Theorem 1.1. // the integral (1.1) converges for a point So not on D, it con-

verges for every such point.

For, set

/" da(u)-— (*>0).
i   Sot»

' da(u)
PW = »,    PW =  I

J 0

Then for s not on D

/•B da(t) CB so + t So + R rR    ß(t)
—^   =   I     ^——dß(t) = ß(R)-^—- + (so - S)   j ^ '      dt.

o   s + t       Jo    s + t      W        V      s + R JJ0fs + t)2

Since ß(R) approaches a limit as R becomes infinite, it is clear that the in-

tegral

ßit)

I dt
\   (s + t)2

converges absolutely and that (1.1) converges. Moreover,

1 da(t) r °° da(t) rm   ß(t)r<"da(t)       r- da(t) r
(1.2) ~T- "  I    -—+(so-s)\

J o    s + t J o     So + t JoS + t Jo    So+t Jo    (s + t)2
dt.
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We observe that (1.1) may converge without converging absolutely as the

example.
»   (- 1)"

f(s) = £ ^-
n-0   s + n

shows. But (1.2) always enables us to replace the given integral by an abso-

lutely convergent one.

At this point we note a contrast with the theory of the Laplace transform.

In the latter case a direct integration by parts replaces a conditionally con-

vergent integral by an absolutely convergent one. That this is not always

true for the Stieltjes transform is seen by an example. Take

«(0) = 0,
t+ 2

"W = (_ 1}" 1—7717^ (« < < < « + 1; « = 0, 1, 2, • • • )•
log (t + 2)

Then

I <*(t) I f" dtfjiWLa.r
J0   (t+2)2 Jo\   (t+2)2 Jo   (t + 2) log (t + 2)

clearly diverges. But

Jo  t+2       Jo   (t+2)2 to 5log(«+2)

the series converging. For this example, integration by parts replaces a con-

ditionally convergent integral by another with the same property.

Corollary 1.11. If (1.1) converges, it converges uniformly in any bounded

closed region not containing a point of D.

Corollary 1.12. Z/ (1.1) converges, f(s) is analytic at points not on D.

Corollary 1.13. If (1.1) converges,

C °°     da(t)
fW(s) = (-iykljo-—-       (, = o,i,...).

Another very useful result is contained in

Theorem 1.2. If (1.1) converges, then

(1.3) a(t) = o(t) (¿-+00).

Let (1.1) converge for s = s0 not on D, and define ß(t) as in Theorem 1.1.

Then
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a(R) =   f   da(t) =   f   (t + s0)dß(t).
" o J o

But

r tdß(t) = Rß(R) - f ß(t)dt,
J 0 J 0

/> R
tdß(t)   = ß(™)   - ß(<x>)   =  0.

n

i rB
lim —
R-"c R  •/ o

Also

1   /*Ä
lim — |    s0d/3(0 = 0,
R—♦« R.  J o

so that (1.3) is established.

Corollary 1.21. //(l.l) converges, then

a(t)

fis) =   f
J n

dt.
o   (s + <)2

It is important to note that the converse of Theorem 1.2 is false. Thus

(1.3) holds if

/'* du
o  log (w + 2)

Yet for this definition of ait) the integral (1.1) diverges.

However, it is easily seen that if

ait) =0(¿1-5) (5 > 0, t-* oo),

then (1.1) converges.

The relation between the Laplace and Stieltjes transforms is made pre-

cise in

Theorem 1.3. If the integral (1.1) converges, then

(1.4) fis) =  f   e-»<b(t)dt i*>0),
J o+

where*

(1.5) 0(0=   f   e-'"da(u) (t > 0).

* The notation employed in (1.4) means that f0^g(t)dt=]imf^i,fa'g(t)dt.
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For, by Theorem 1.2 a(u)=o(u) when u becomes infinite, so that (1.5)

converges uniformly* in the closed interval t^t^R for arbitrary positive

numbers e and R. Hence

e-*'dt |    e-'uda(u) =   I      -da(u).
t Jo Jo s + u

If s is any point not on the ray D, the integral

da(u)J.0    Î + «

clearly converges, so that

e-"áí I    e-'uda(u) = <r" |     -da(u) - e-'R j     -da(u).
, Jo J o   s + u J o   s + u

The first integral on the right-hand side converges uniformlyt (s being fixed)

in the interval 0^e< », and hence approaches/(s) as e approaches zero.

Moreover,!

i.   r"e~uR *, s   ,.   r'daW   «(°+)
um   I    -da(u) = lun   I    ^-=-,
s-.» J o   s + U <-K)+ J o   s + u s

so that the last term of (1.6) approaches zero with 1/ZÎ if <r>0. Our result is

consequently established by allowing e to approach zero and R to become in-

finite.

Note that the inequality <r>0 in (1.4) cannot be replaced by <r^0 as the

example/(s) = 1/s shows. We observe also that the converse of Theorem 1.3

is not true. That is, the integrals (1.4) and (1.5) may converge in the range

specified without having/(s) represented in the form (1.1). For example, take

*w = ,<./ a2 - £ (- ^"i* + Ve~nt        « > °).
(1 + e~')2       „_o

**-!'v£vm ('>0)-

The integral (1.1) becomes

« («+!)
Z(-l)"—:—'

_ n-0 s + n

* See footnote on p. 12.

f For the results regarding the Laplace transform which are here employed see, for example,

D. V. Widder, A generalization of Dirichlet's series and of Laplace's integrals by means of a Stieltjes

integral, these Transactions, vol. 31 (1929), p. 694.
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a series which diverges for all s. In this connection we may prove

Theorem 1.4. If a(u) is such that the integral (1.5) converges for t^O, then

the function f(s) defined by (1.4) also has the representation (1.1) for all s not

on D.

For, in this case, a(u) is necessarily bounded and we may apply Theorem

1.3.

A similar result is contained in

Theorem 1.5. If a(u) is non-decreasing and such that (1.4) and (1.5) con-

verge for o->0, />0 respectively, then the function f(s) defined by (1.4) has the

representation (1.1) for all s not on D.

The proof is easily supplied. We turn next to the uniqueness theorem.

Theorem 1.6. // the normalized function a(t) is such that

da(t)

o  So + t + nl

then

a(t) =0 (0 ^ t < oo ).

This follows from Theorem 1.3 and from Lerch's uniqueness theorem for

Laplace integrals.*

We conclude this section with a proof of

Theorem 1.7. // a(t) is a real non-decreasing function for which the point

t = 0 is a point of increase and for which the integral

r °° da(t)
fis) =   I    -~

J 0     S +  t

converges, then f(s) has a singularity at s = 0.

For, suppose the contrary. Then the series

^ is - 1)"
f(s) = T,fMW-—r~

converges for some point on the negative real axis, say s = — e, and

A                         (« + 1)"
/(- «)-£(- l)"/(n,(l)--^- ■

Applying Corollary 1.13 we obtain

* The usual proof of this theorem can easily be extended to include Cauchy-values of Laplace

integrals: f^e^'dait).
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00    r" (t + D"
f(- e) = £-—da(t)

„toJo   (/+1)"+1

" /■" (e+ 1)"
= E (» + 1)-— a(t)dt.

to      T   'Jo   (*+!)»+»

This series dominates the series

C" u + 1)»
(1.7) Z(»+l)|-—ot(t)dt,

n-0 Je     (/+1)»+2

so that the latter also converges. Since the integrand is non-negative, and

since the series

f t   j.n   (e+1)n *
2^ (» + 1)

(i+l)n+2 (t-t)2

converges for t > e, we may interchange integral and summation symbols in

(1.7). That is, the integral

C°°   «(0
(1.8) --—dt

J,   (t-t)2

must converge. But since i = 0 is a point of increase for a(t), it follows that

a(e+)>0and

a(t)
lim - = + oo .
<->«+ t — t

Hence (1.8) can not converge. The assumption that/(s) is analytic at i = 0

is untenable. That is, 5 = 0 is a singularity oîf(s).

2. Inversion in a special case. The results of the previous section enable

us to restrict attention to the real variable s = x. In fact we shall even assume

that a(t) is a real function. The loss of generality thus involved is trivial. The

reader who has need of results for complex functions a(t) has only to apply

the theorems proved to the real and imaginary parts of a(t) separately.

We introduce a functional operator by

Definition 2.1. An operator Lk,t[f(x)] is defined by the equations

LoM*)] = c»/(0,

L*M*)] = c*(- fl*-1^)]»*-0     (* = 1, 2, 3, • • • ),

where

C0 = Cl=1'      Ck= *!(*-2)! (* = 2,3,4,...).



16 D. V. WIDDER [January

Obviously the operator can be applied only to functions which possess

derivatives of order (2k —Í). It becomes of interest only when k is allowed

to become infinite, so that we shall be applying it only to functions which

possess derivatives of all orders. Our first application will be to the function

(1.1) where a(t) is a step-function defined as follows:

(0 ^ t < a),

(a <t < °o ),

a(a) = }.

In this case

(0

J 0

Simple computation gives

da(t) 1

x + t      x + a

¿>.« [/(*)] = dk   *l" (¿ = 1,2,3,..-),
(t + a)2k

dk = (2k - l)!c».
We now prove

Theorem 2.1. If a>0, t>0, then

■0 (0 ^ t < a),

i (t = a),

1 (1   <t <   ■»).

That is, the operator Lk,t[f(x)] serves to invert the integral (1.1) at least

lim

in this special case. Set

0     (*

• '      uk~l

H At) = dk |-—du.
(u+ l)2*

Then

f Lk,A-~\du = Hk(—\
•Jo Lx + aj \a/

so that we need prove only

(0 (OgKl),

lim F*(0 - •! è (<=1),
t->» j

1-1 (1   < t <   »).
If 0^*<1 we have

(2.1)      °sÄ|w<*[^r-
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Since 

1; ...... _(2_k_-_1_) (_2_k _-_2_) t 4t 
..... - ---= <1 

~-.. o k(k - 2) (t + 1)2 (t + 1)2 ' 

it follows that the extreme right-hand member of (2.1), and hence also Hk(t), 
tends to zero with 11k. 

If 1 < t < 00 , we have by use of the B-function 
k - 1 foo U,.-1 
-- - H,.(t) = dk duo 

k t (u + 1)2k 

But 

f 00 U k- 1 [t Jk- 1 o < dIe du < dk 
t (u + 1)2k (t + 2)2 ' 

so that in this case 

Finally, if t = 1, 

H k(1) = k - 1 _ dk f 00 U k- 1 du = k - 1 _ dk f 1 U k- 1 du 
k 1 (u + 1)2k k 0 (u + 1)2k 

by an obvious change of variable. Hence 

k - 1 = -- -Bk(1) 
k 

1 k - 1 1 
Hk(1) = - --~-

2 k 2 

This completes the proof of the theorem. 

(k~oo). 

3. The inversion of the general Stieltjes integral. Before proceeding to 
the general case we need to prove the following simple, but extremely useful 
lemma: 

LEMMA 3.11. If f(x) has a derivative of order (2k -1), then 

Xk- 1 [Xkj(X)]<2k-l) = [X2k- 1j<k-l)(X)]<k). 

The proof consists merely in computing both sides of the equation by 
Leibniz's rule. In each case we obtain 

k (2k - 1)!k! L j<2k-p-l)(X)X2k-p-1. 

p-o (2k - P - 1)!p!(k - p)! 
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We shall also need

Lemma 3.12. // (1.1) converges, then

■"   tk~la(t)

dkx* |
!-*> +

/•"   tk'la(t)

lim dkxk I     -— di = a(0 +)
x~o+ Jo    (x + t)2k

k- 1
(¿ = 2,3, ■•■),

For, if e is a given positive number, we determine b(e) such that

| ait) - a(0+)\ < e 0 = t g 6(e).

Then

(3.1)

d*r

lim sup

/.

'^[«(O -«(o+)]

(* + 0"
dt

+

^ edkxk

tk-i

/.

«(«>     /»

(* + 0"
-d¿

d*** f  /■ ' Ank/)-"(o+)i¿'
Jato (* + 0

^[«(Q -a(0+)]

(a; + /)"
dt

k- 1

the second term on the right-hand side of (3.1) clearly approaching zero with

x. Hence

C °°    tk~l k - 1
(t)dt = dka(0 +)xk I     -dt = o(0 +)

J»•/ n
lim  dt** I    -

I^0+ J0   (* + 0" 'o    (* + /)"

In a similar way we can prove

Lemma 3.13. If a(<x>) exists, then

.«     {k-i

lim dt»* f-J0   (x
■a(t)dt = a(w)

A- 1

+ /)" "w s   '     k

By use of these results we can now establish

Theorem 3.1. If the integral (1.1) converges, then

(¿ = 2,3,4, •••).

lim   f LkiU[f(x)]du = o(0 - «(0 +) (t > 0).

We begin by writing the integral (1.1) in the form

ait)/(*) =   f
•/ n

-d/,
'o   (x + t)2

which we are enabled to do by Corollary 1.21. By Lemma 3.11 we have

f Lk,u[f(x)]du = c*[«*»-t/<*-»<«)]<*-».
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But simple computation gives

f " yk-xa(y)
(- l)*-»c*[«»*-y<*-»(ii)](*-i) = dkuk I    —-—dy.

Jo (« + y)ik

Hence by Lemma 3.12

Lk,u[f(x)]du = dktk        '       \[ dy-—a(0+).
Jo Jo   (t + y)2k k

Consequently, it remains only to show that

r°° yk~la(y)

(3.2) lim ¿*i* I-— ¿y = a(0 (t > 0).
*-.« J0    (t + y)2k

Set y/t = v. The integral in question becomes

'vk~la(tv)

¿t I    -dv.h f
J o (1 + v)2k

Further, set

/«(/-) (0<»<1),

Uv) = <a(t) (v - 1),

'«(/+) (1  < V <   oo ).

Then*

dk f //,  „MM* = k* +) + «G -)]ff*(i)-
Jo   (1 + v)2k

Hence by Theorem 2.1

f°°      s*-1 a(t+)+a(t-)
lim ¿t I     -ikt(v)dv =- = a(t).
»-..      J0   (l + v)2k 2

Set

j8((o) = a(tv) - f,(v).

This function is continuous at t = l and vanishes there. It remains only to

show that

/.»    „*-i
-ßt(v)dv = 0.

o   (1-M2*

Given e>0, we determine 5(e) such that

* For the definition of Hk(t) see §2.
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\ßt(v)\ <e | t- l.| S 5(e).

Then

(3.3)

dk\    ,«   ,    ^,Jkiv)dv   ^0(l)Hk(l-Ô)+e{Hk(l + Ô)-Hk(l-Ô)\
J o  (l + v)2k

+ 0(l)|-^-Ft_i(l+5)|.

In obtaining the last term on the right-hand side of (3.3), we have used the

obvious fact that

ßt(v)=0(v) (»->»).

Letting k become infinite in (3.3) and making use of Theorem 2.1, we have

I       f°°    vk~l
lim sup   dk I    ———— ßt(v)dv

*—    I      J0   (1 + v)2k

from which our result follows at once.

Corollary 3.11. 7/(1.1) converges and if a(t) is continuous in (a, b), then

lim    f  Lk,u[f(x)]du = a(t) - a(0 +)
i—>w   J g

uniformly in the interval a^t^ß, where

a < a < ß <b (a> 0),

a g a < ß < b (a = 0).

To prove this one has only to show that

/" yk-i■——— [oc(y) - a(t)]dy

J    (/+^2 r       k-i

= lhn dk\ ,. ,  >» ta^ - «(')]<*? - °
i-.       J o   (< + 302*

uniformly in (a, ß). If we note that

a(ty) - ait) = o(l) (y -> 1)

uniformly in / for / in (a, ß), the proof of this proceeds as for Theorem 3.1.

Corollary 3.12. Ifa(*>) exists, then

lim    I     Z-i:,u|/(x)]dM = a(oo) — a(0 +).
Ä—»00   J 0
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Corollary 3.13. If

a(t) = 0(f) (t -» oo )

for some positive value of p, then equation (3.2) holds.

4. The Lebesgue integral. In this section we consider the special case of

(1.1) in which

a(t) =   I    4>(u)du,
J o

the function <p(u) being integrable in (0, R) for every positive R and of such

a nature that (1.1) converges. We then have

4>(t)
(4.1) /(*)=   f dt.

3    X + t

We now show that the operator Lk,t[f(x)] serves to invert this integral also.

Theorem 4.1. If t is a point of the Lebesgue set for the function <b(u), and

if (4.1) converges, then

(4.2) lim LM [/(*)] = <t>(t).

By the Lebesgue set we mean those points t for which

/| <t>(u + f) - <t>(t) | du = o(h) (h-* 0).
o

Direct computation gives

/' °°      uk
„  ,     ,2k<t>(u)du-

o   (t + w)

We have to show that

/«*
—■——[«(«) -4>(t)]du

o   (t + u)2k
/•"        w*

= lim ¿t Wi«) - 4>(t)]du = 0.
t-»      J o    (u + l)2k

Set

)9(y) = J    i<t>(ut) - <t>(t)]du.

Since t is a point of the Lebesgue set, we have

(4.3) ß(y) = o(\i- y\) (y-*l).
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Then the integral in question becomes

r"     uk rx(u-i)uk-1
Ik = dk I    -dß(u) = dkk I    -ß(u)du.

Jo    (u+ l)2k      V Jo    (u+ l)2*+l    K

If we note that

/.1+5    (M _   1)2M*-1 fM   (« -   I)2«*"1
kdk I        -dw < ¿d* I     -dw = 1

Ji_5     (M+l)2*+1 Jo     (w+l)2*+1

and take account of (4.3), we have, by a method similar to that used in ob-

taining (3.2),

\h\ ÊO(l)7i»[l - 3(e)] +e + 0(1) j-^-//*_i[l+5(e)]l,

lim sup | /* | ^ e,

lim Ik = 0.
k—»«

This proves the theorem.

Corollary 4.11. Equation (4.2) holds for points t at which <f>(t) is continu-

ous.

Corollary 4.12. Equation (4.2) holds almost everywhere.

Corollary 4.13. // (4.1) converges and if<b(t) is continuous in (a, b), equa-

tion (4.2) holds uniformly ina^t^ß where

a <a < ß < b.

Corollary 4.14. If <f>(t+) and <t>(t—) exist, then

<t>it +) + <t>(t -)
lim Lk,t[f(x)] =

For, set

and note that

ß(t. u) = J    [</>(y«) - <l>(u)]dy,

ß(t, u) = o( | 1 - 11 ) (t -* 1)

uniformly in a^u^ß. The proof is now completed by obvious modification

of the proof of Theorem 4.1.

At this point we illustrate Theorem 4.1 by an example. Take
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<t>(t) = - (0 < 5 < 1).
r(i-5)r(s) '

Then

f(x) = x-K

Simple computation gives

T(k - 5 + l)T(k + 5-1) t~s
Lk,t[x~s] =

T(k + l)T(k - 1) T(l - 5)r(5)

But

r(k + a)

T(k)

so that we can prove directly that

k" (a > 0, k-> oo),

lim Lk,t[x-S] = - = <b(t)
»-*.        l      J       T(l - 5)r(5) K '

for all positive /.

5. The saltus operator. We now introduce a new operator by the

Definition 5.1. The operator lk,t [f(x)] is defined by the equation

1/2

h,t\f(x)] = 2t(^\   Lkit[f(x)

We first apply the operator to the special function

df,(v)       a(t +) - a(t-)... f dh(v)
Jo     x + vo     x + v x + 1

where \pt(v) was defined in §3. Direct computation gives

Then by use of Stirling's formula, or otherwise, we prove

Lemma 5.11.

lim h,u   -    = \
»-.-       U+lJ        U, u = 1.

Hence, the limit of h,t[f(x)} is the saltus of ^¡(w) at every point u. This

result is general, as we now prove.
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Theorem 5.1. 7/(1.1) converges, then

lim lk,t[f(x)] = a(t+) - a(t-) (t>0).
¡b-><o

If we define ß(v) —ßt(v) as in §3 and note that

/*.,[/•<*)] = 2** (-)    dk\ da(u)
\k / J o   (u + t)2k

/7r\1/2 C* Vk

= 2—1     dk\    —-da(vt),
\k) Jo   (v+l)2k

the special example treated above shows us that we need only prove

lim 2Í-)    dk        J——r-dßiv) = 0,
t^»     \k/ J o   iv + l)2*

the function ßiv) being continuous and equal to zero at v = 1. If we integrate

by parts, the integral in question becomes

/xY'2      r°°        d        vh
/*=-2   — )    dk\    ß(v)-dv.

W Jo dv  (v+ l)2k

Now note that

/wyn      /•i+«i¿        vk      i /irV12      rl d        vk
2 I — )    dk\-\dv < 2 [ — J    d*-di)

\¿/        Ji^  |da   (v+l)2k\ \k/        Jo   dv   (v+\)2k

/ir\112      C°°d vk /ir\ll2dk T     1    "I
-2 1— )    d* I-dv = 4(— )    - = 2lk,i\-   .

\k/ Ji   dv(v+\)2k \k/    22k Ls+lJ

Hence, proceeding as in §3, we obtain

i /* i g o(i)¿*,,_8 [—j—i+2e^,i |~—^—1
Lx+ 1J Lx+ 1J

v1'2 C" I d
} u\ —
'i+,   \du (u+ l)2k

+ 0(1)2 ( —J    dk j    m   -

Consequently

lim sup | /* | ¿ 2«,

lim /* = 0,

since

/""Y'2     f *    I d
21 — I    dk \     u\-

\ k / J 1+5   \du (ui+ü   | dw  (« + l)24
du
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r  i  n     /ir\1/2    r°°     uk
- (1 + *)/*.!+•   ——-    +2(-)     ¿t —-—— du = 0(1)  (*->«).

lx+ lj \k/ JX+i   (u+ l)2*

This completes the proof of the theorem.

The same type of argument enables us to prove the following related re-

sult.

Theorem 5.2. If (1.1) converges and if a(t) has right-hand and left-hand

derivatives a+ (/) and a_' (t) respectively at a point I, then

r     r    U( M      "+(0 + "-(0lim Lk,t[f(x)\ =-

For, if we define

f> Uv- l)a_'(/) 0^v=   1,
ùl(v)  =   <

((v-l)a+'(t) l = v<«>,

y(v) = a(vt) — o}(v),

it is clear that

(5.1) -y(v) = o(\l-v\) (v-*i),

and that*

a+'(t) + a.! (t)
lim ¿t

f      vk
:   I      -dol(v)
Jo   (v+ l)2*t-.«.      Jo   (v+ l)2* 2

so that we have now to show that the integral

d        v
= dk \    y(v) — -dv

Jo dv (v+ l)2*

approaches zero with 1/k. This may be done by use of (5.1) if we note that

/. l+S                           ¿             pi I /. 1
1 - ?-\dv = ¿t        (1 -

i_8                  dv  (v + l)2* | Jo

_ .1+«

¿t

d »*
v)-dv

dv (v + l)2*

+ dkf   (1 -
¿ ZJ*

dv (v + l)2*

n •f00 d       vk r        vk
= ¿t I    (1 — Jl)-¿» = ¿t I -¿z> = 1.

Jo dv (v+ l)2k J0 (v+ l)2*

Corollary 5.21. If a(t) is constant in (a, b), then

* This may be conveniently proved by breaking the interval into two parts corresponding to the

intervals (0, 1) and (!,») and by using Corollary 4.14.
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lim Lk. «[/(*)] = O
t-»«,

uniformly for t in (a, ß),

a <a < ß <b (a> 0),

a^a <ß <b (a = 0).

Theorem 5.2 becomes of particular interest if a(t) is a function which is

not an integral but which has a derivative almost everywhere. The integral

(1.1) can not then be put in the form (4.1). Yet the inversion formula has

the same effect as if f(x) had the form (4.1) with a'(t) = <b(t).

6. Generalizations. We turn now to a group of theorems which may be

regarded as generalizations of our inversion formulas.

Theorem 6.1. // a(t) is of bounded variation in the interval (0, =o), and if

\j/(i) is an arbitrary function continuous* in the interval 0 ^t ^ », then

(6.1) lim   f  4,(u)Lk,u[f(x)]du =  f  i(u)da(u) - «(0 +)*(0)•
k—»oo   J o Jo

Since we have already established that

lim    J     Lk,u[f(x)]du = a(t) - a(0 +),
t—♦«    J o

we have only to take the limit under the integral sign on the left-hand side

of (6.1) to obtain our result. This will be permissible by the Helly-Bray theo-

rem f if the functions

/LktU[f(x)]du
o

are of uniformly bounded variation in (0, oo) for k = l, 2, 3, ■ ■ ■ . This is so

under our hypotheses, since

I Lk,u[f(x)] | du = dk I     uk~Hu I      -| da(t) 1^1      | da(t) \.
o Jo J o    (t + u)2k J o

Theorem 6.2. // (1.1) converges, and ifip(t) is continuous in (0, R), then

/• R n Rt(t)Lk,t[f(x)]dt =   I    t(t)da(t) - *(0)«(0 +).
a Jo

* By this we mean that 4>{t) is continuous for every non-negative value of t and that <f>(t) ap-

proaches a limit as t becomes infinite.

t See, for example, G. C. Evans, The Logarithmic Potential, Discontinuous Dirichlet and Neumann

Problems, American Mathematical Society Colloquium Publications, vol. 6,1927, p. 15. The infinite

intervals in question may be transformed into finite intervals by the transformation v = e~~u.
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Here, we are no longer assuming that a(t) is of bounded variation in

(0, oo ). Let 5 be an arbitrary positive constant, and set

r *+* da(t) C°°      da(t)
/W = —¡—t   + —T1 = h(*)+h(*)-

Jo X + t JR+S    X + t

Clearly, Theorem 6.1 is applicable to/i(x). Let ^b(0 be continuous in the

infinite interval (O^t^ <x>), coinciding with \[/(t) in (0, R) and constant in

(R, oo). Then

lim   f   xkR(t)Lk,t[ji(x)}dt

= lim   f  4>(t)Lk,t[fÁx)]dt + Um i(R) f   Lk¡t[fx(x)]dt

/> R /» R+Bf(t)da(t) + HR.)  I        da(t) - ^(0)a(0 +).
o -'s

Making use of Corollary 3.12, we have

lim   I   Mt)Lk,t[fi(x)]dt = hm MR) f  Lk,t[fx(x)\dt

= 4<(R)[<*(t + R) - a(R)).

On the other hand

lim   f   t(t)Lk,t[f*(x)]dt = 0,
t-*M    J 0

as one sees by Corollary 5.21. If we combine these results, our theorem is

proved.

Theorem 6.3. If a(t) has variation V(R) in the interval 0^t = R, and if

(1.1) converges, then

(6.2) lim   f    | Lk,t[f(x)}\ dt = V(R) - V(0 +).
t—>oo   J o

It is sufficient to prove the theorem when a(0+) =a(0) = V(0+) =0.

If we set

/•-  dV(t)
S(x) =   I      ——'

J 0       X + t

it is clear that

\Lk,t[f(x)]\ £L*.«k(*)].
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Hence Theorem 3.1 gives

(6.3) lim sup   I     \Lk,t[f(x)]\dt ^V(R).
¡fc—*w        J o

On the other hand, from Theorem 6.2 we have for any function \p(t) continu-

ous in (0, R)

Ip R /» R
I    ip(t)da(t)    = max  | »¿(¿O | lim inf    I     \ Lklt[f(x)]\ dt.

Jo OgigK *->»       Jo

Hence the norm of the linear functional

f  Ht)da(t)
J o

which is known to be V(R), is at most

/» R

lim inf   J     \Lk,t[f(x)]\dt.
i-»oo        J o

That is,

/> R
\Lk,t[f(x)]\dt.

o

Inequalities (6.3) and (6.4) can not both hold unless (6.2) is true.

Corollary 6.31. // F(oo)< oo then

Um   f   \Lk,t\dt = F(oo) - 7(0+).
-»«>   J n
lim
i-»=o    J g

7. Differentiation and integration of the inversion operator. Without any

restrictions on the integral (1.1) except that it should converge we are able

to obtain inversion formulas for the successive integrals of a(t). The following

result is seen to be a generalization of Theorem 3.1.

Theorem 7.1. // (1.1) converges, and if m is any positive integer, then

r* (t — u)m (* '        c "»• f "*-» c "i
-LktU[f(x)]du =   I    dum I     dum-i I           • • • I      da(u)

-«(0+) — •

The result follows at once from Theorem 6.1 with

(t — u)m

*(«) =-r- '
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The successive derivatives of a(u) or <b(u), when they exist, may be ob-

tained in several ways. We first prove

Theorem 7.2. If <j>(t) is of class CM in the interval 0^t< », if

r°° </>(n)w
(7.1) ——dt

Jo     x + t

converges, and if f(x) is defined by (4.1), then

lim Lk,t[(- l)»/(n)(*)] = 4>(n)(t) (<> 0).
t-.oo

Since (7.1) converges, we have

/<t>(n)(u)du = o(t) (/-» oo).
o

Hence

(7.2) *«>(*) = o(t"-') (t->»;j-0, 1,2, • ..,»-1),

so that integration by parts gives us

/;

¿<»)(<) 0<"-D(O)       0(""2'(O)       2^<"-3>(0)

a; + / » a;2 x3

— (n — 1)!-h «' I    -dt
x» Jo   (x + t)n+i

0 <"-'> (0)
= (- i)v(»>w - £ U - i)

Í-1 *•

The result now follows by use of Corollary 4.11.

Corollary 7.21. If a(t) is of class C" in (0, oo), ifthe integral

e<«>(0

/.
¿/

o      x + t

converges, and if f(x) is defined by (1.1), then

lim Lk,,[(- l)"-1/«"-1'^)] = «<n)(0 (t>0).

A more natural procedure is given in

Theorem 7.3.  Under the conditions of Theorem 7.2

dn

lim-Lk,t[f(x)\ =*<">(*).
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We have at once

d»     /*_1«* ön   tk~n~1uk+n
-= (- 1)»-,
dt"  (t + u)2k du"   (t + u)2k

so that

dn /•" dn   i*-"-1M*+n

-L*,( /(x)   = (- l)nd*       <*>(«)-—du.
dt» J0 du»   (t + u)2k

Conditions (7.2) now enable us to integrate by parts and obtain

d»       .     ,      1   r" **-»
-Lt.t\f(x)] = —        m"</><")(m) -du,
dt"        U t" Jo (t + u)2k

for values of k sufficiently large. But the asymptotic behavior of this integral

as k becomes infinite was determined in §4. It clearly approaches the desired

value.

Corollary 7.31. Under the conditions of Corollary 7.21

lim-^-L*., [/(*)] -a<»(0.
t—o dtn~l

8. A generalized Stieltjes transform. The results of the preceding section

suggest a way of inverting the general Stieltjes transform

/•"   da(t)
Fix) =        -—,

Jo (x + ty

where p is any positive number. We first prove

Lemma 8.11. // t>0, x>0, p>0, then

rx (x - m)"-1                  a2*-1  rukY(p + I)-!                tk-,xk+r-i
ck I    -(- m)*-1-   -\du = dk-

J»     t(p) a«2*-1 L (u + ty+i J (x + tyk

Ii0^u<t,

(x - m)"-1 d2*-1   fukT(p + 1),       ,.  ,   ö2*-1   VukT(p + 1)1
(- u)k-1-   -

r(p) a«2*-1 L (u + ty+i J

"     (n + p\    (»+*)!     (- i)»+*-i
= V p( )-(x - tt)p_1w.
»xA « /(«- * + i)!    í"+"+i

If a; < t integration term by term is permissible, so that

/'»(*- u)"-1                 a2*-1  r«*r(p + 1)
-(- m)*-1-   -

o           Tip)                          du2«-1 l(u + ty+l
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<n + p\      (n + k)\       (— l)"+*-i        x"+"m!y,   /« + p\_(n_

n-t-i V    n    / (n —n=t-i\  «  /(«-jfe + i)!     tn+"+1     r(M+p+i)

xp+k-x »JL /n+2k- 1\ / - x\n

/fc—pA-ft+p—1

= (2k- 1)!
(* + t)2k

It can now be seen by analytic continuation that the formula holds for all

positive x and t.

Lemma 8.12. If the integral

da(t)

L (p>0)
o (x + ty

converges, then

(8.1) «(0 = o(f) («-»«)•

The proof is similar to that of Theorem 1.2.

By use of these results we now prove

Theorem 8.1. Z/ 0 <p < 1, and if the integral

r°° da(t)
(8.2) F(x) =        —y-,

J o (x + ty

converges, then

(8.3) lim   I    (/ - u)»-lLk,u[F(x)]du = a(t .
*-»•)   J o

Using Lemma 8.12 we have

a(t)
F(x) = p f

J ao (x + ty+i

Then

dt.

/• °°                32*-1 r     /*    ia(«)(- O*-1-~,-
o                              at™-1 [_(t + w)"+1J

du.
(t + «)'

By uniform convergence we have for 0 < 5 <y/2

fV-t (y — Ap-i

^—~~ Lk,t[F(x)]dt
J s I (p)r(p)

//•*-« (-y _ ¡y-1            d2k~l r     /*     i
a(«)¿«   I -(- ¿)*_1-    -

o Jt       t(p) dt2"-1 L (t + uy+u
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We may now replace 5 by zero on both sides of this equation. To justify this

step it is sufficient to show that

C rx, a2*-1 r      tk     i\
I    (y - ty-'dt I      \a(u)\tk-1  -   - \\du

Jo Jo dt2k~i L (t + «)'+lJ I

converges. For this it is sufficient to show that the integrals

(8.4) f\y - ty-^dt f    | a(u) |        [     * du (p = 0, 1, • • • ,*)
Jo Jo (t + u)"+2k~"

all converge. But

, v       )0(1) («^0),a(u) =   <
\0(u>) (u^ oo),

so that

f    /   I   w»    1 «(") I <*« = 0('-') (f->0;i-0,1,   ••,*).
Jo    (* + m)"-1-2*-"

This proves the convergence of the integrals (8.4) and hence that

/•'  (y — i)"-1
;      Lk,t[F(x)]dt

o T{P)

Jfiy -1)"'1            d2k~l r     t*     1
aiu)du        —-(- t)*"1-   -

o                Jo         Tip)                       dt2k~l L (/ + «)'+1J

dk    Ç-        «
=   -  I    a(w) —

r(p)Jo      '(

t—Py*+/>—1

di
a/2*-1 L (/ + «)"+1J

d«.
T(p)Jo    v/(y + «)2*

If we use the known asymptotic expression of this last integral (¿—>°°), our

theorem is established.

We illustrate the theorem by an example. Take

(ait) - 1 (OO),

to(0) = 0,

Fix) = - ■
x>

Then

r      \r>, M       <* - "><* - P - 1) • • • (1 - P)P(P + 1) • • • (P + ¿ - 2)    1LkJF(x)\ =-—>
1  WJ *!(*- 2)! tt»

C r r(P + ¿ - i)r(p - ¿ + i)
(í-«)p-'L*..[F(*)]d« = -i-—t^--—     (/>0),

•/o »!(£ — l)\
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and the right-hand side clearly approaches unity as k becomes infinite. This

example shows in particular that the restriction p<l in Theorem 8.1 was

essential, for if p>l, the left-hand side of (8.3) need not converge.

If p is not less than unity we must proceed differently. In order to treat

this case we introduce a new operator.

Definition 8.1. 4« operator Lk¡t[f(x)] is defined by the equation

LiAf(X)} = (-i)kv(P)ck[ri{r(t)}^r.

In this definition p is any positive number, k is a positive integer greater

than p. The notation is understood to mean

. /•- (« - ty-1

J t T(p)

if p is not an integer. If p is an integer

{/<*>(/)}<->> = (- i)»/<*-'>(0.

It must not be supposed that for fractional p the function {fw(t)} (~p) is

the fractional derivative oí f(t) of order k—p, defined for 0<p<l by

¿*  r" (u - ty-1

dtk J t T(p)
f(u)du.

For, this integral need not exist in the present case. For example, iif(t) =i~1/2,

the integral does not exist if p = 1/2. Yet the operator L\f \f(x) ] clearly exists

for all integers k not less than unity.

We prove next

Theorem 8.2. If the integral (8.2) converges, then

lim   f Ll,u[F(x)]du = o(0 - «(0 4-) (t > 0).
t—»oo   */ g

We first prove that for k sufficiently large

(* - 1)! rx  da(t)
(8.5, |y<«W|« _ (_„.___£__.

To see this we have

r(p + k) r "    da(t)T(p + k) r
(- l)kF^(x) = —- I

río)   JnT(p)    Jo (x + ty+k

T(p+ k+1)  r'       a(t)
=-I    -dt,

T(P)        Jo   (x + /)"+*+!



34 D. V. WIDDER [January

(t - x)"-1

I Tip)
F^it)dt

Tip+k + l) r- it-x)>-i     ç»      a{u)
= (— 1)*- I      -dt I    -du.

Tip) Jx T(p) Jo   (t + u)»+k+i

If 5>0, R>0, x+ô<R, the uniform convergence of the integral (8.6) shows

us that

C  it- x)»-1
--—FW(t)dt

J * T(p)Tip)

Tip + k + 1) r " «(«)       r R    (t- x)"-1T{p+ k+l)   /■- a(u) f
= hm(- 1)* - I      - du I

ä-° r(p)       Jn   r(p)     J»Tip) Jo     Tip)       J x+i(t + u)"+k+i
JÈ->»

r(p+* + i) rM «(«)      r"(í-*)'-1.
= (- 1)*- I      - du I    -dt

Tip) Jo     Tip)       Jx   it + uy+k+i

Tik+ 1)  /•" «(«)
(8.7) = (- 1)*—- I      -—-d«

Tip)     Jo     ix + u)k+i

provided the integral (8.7) converges absolutely. This it clearly does for k>p

by virtue of the relation (8.1). An integration by parts now gives (8.5). Then

we obtain

C ' »  r      i C °° yk-l<*(y) k - l
Ll,u [F(x) ]du = dktk       j—-~dy-— a(0 +)

^o *^o   (<+ y)2* k

precisely as in the proof of Theorem 3.1. The theorem is now established by

use of Corollary 3.13.

In a similar way we may obtain a generalization of Theorem 4.1.

Theorem 8.3. // <p(t) is integrable in (0, R) for every positive R, and if

F(x) is defined by the convergent integral

r00  *(0
Fix) =        —-—dt (p>0),

Jo ix + ty
then

lim LP*.,[/?(*)] =0(0

at every point t of the Lebesgue set for <p(w).

Let us illustrate these theorems by use of the same example as we used

for illustration of Theorem 8.1.
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nf ^      l       r°° da(t)        r"     Pdt r« p(p + l)t
F(x) = —  =1    -  =   I    -  =   I    -dt.

x"    J o (x + ty    J o (x + ty+'    J o (x + ty+2

Direct application of Definition 8.1 gives us

Ll.t [F(x)] = 0,

Ll+t[F(x)] = p,

0+2 r n K   4-   1
LZ[F(x)] =p(p+ 1)---/.

k — 2

In each case the appropriate limit process gives the result predicted by Theo-

rems 8.2 and 8.3.

9. Uniqueness. Of fundamental importance in later work will be the

uniqueness theorem for the operator Lk,t. As a preliminary result we establish

Theorem 9.1. Let f(t), g(t) be functions of class C2* in 0</< <x>, and let

(9.1) lim [*«^i/<*>(/)}<*-»>g<»-i>(*) « 0     (*-»0,f-»oo;f - 1, 2, ••• ,*),

(9.2) lim [t2k-1gW(t)Yk-^f^-1'!(t) = 0     (<-*0, i-K»;P - 1, 2, • • • ,*).

Then

C   [t**-ifW(t)]Wg(t)dt =  f   [t2k-Y»(t)]<-»f(t)dt,
Jo Jo

if either integral exists.

To verify this one has only to integrate successively by parts. Conditions

(9.1) and (9.2) guarantee that at each stage the integrated part vanishes.

Theorem 9.2. If f(x) is of class C2k~l in the interval 0<x< oo, and if

(9.3) lim [/2*-y<*-!'(/)]<*-*>>(* 4- a)~p = 0

(t-+0, Í-+ oo;/, = 1, 2, • • • , k;a> 0),

(9.4) lim [t2k-x(t + a)-*-1]«*-»-2'/'"^) = 0

(f-»0, *-»»;*-0,1, •••,*--2),

(9.5)

then

f(t)=0(f) (/->»,M< k- 1),

f(t) =0(t-') (t^O,   v < k+ 1),

/■" £t,.i/w r      r 1 1
•/o t + a Jo Lx + tj
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This result may be obtained at once from Theorem 9.1. For in that theo-

rem replace git) by (2+a)-1 and/(/) by

flit) = j fi«)du.

We obtain

rx L* ,[/(*)] r°°f   l2k~lk\   1(*>

Integrating the right-hand member by parts gives

r" Lm[/(*)] r'r  t2k^k\  -|<»-»
dt = ck\        - fit)dt,

Jo t + a Jo    L(< + o)*+»J        J
rx    ak~Hk

(9.7) =dk\    ———fit)dt,
Jo    it + a)2k

=   f   Lk,a\-—~\fit)dt.
Jo Lx + tj

It remains only to verify that the integral (9.7) converges. It clearly does by

virtue of (9.5).

We come now to the uniqueness theorem.

Theorem 9.3. If fix) is of class Cx in (0<z< oo), if (9.3), (9.4) hold for

k = 2, 3, 4, • • • , and if (9.5) holds for some positive p and v which are independ-

ent of k, then

L*.«[/(«)]

/ + a

r" Lt.,[/(*)]
(9.8) fia) = lim — U dt (a > 0).

t-.« J0        í + a

The proof follows at once by use of (3.2).

Note that if fiix) and/2(#) are two functions satisfying the condition of

Theorem 9.3 and such that

Lt,t[fiix)] -LM[/,(*)]

for all sufficiently large integers k, then

fiix) = Mx) (0 < X <  oo ).

It ic for this reason that the result may be regarded as a uniqueness theorem

for the operator Lk,t[fix)].

10. Sufficient conditions for uniqueness. Conditions (9.3), (9.4), and (9.5)

are sufficient for the application of Theorem 9.3. In this form, however, it

may be difficult to determine, in any given case, whether a function satisfies
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them or not. It is the purpose of the present section to replace them by con-

ditions more easily applied.

Theorem 10.1. //

^>(x) = °(~x~kv)      (*-*0;*-0,1,2,-.),

(10.1)

/<*>(*) = *(-)        («-••;*-0,1,2, •■•),

then equation (9.8) is true.

For, if one expands (9.3) and (9.4) by Leibniz's rule, one sees that (9.3),

(9.4), and (9.5) are true for all positive integers k by virtue of the relations

(10.1). Note that no positive or negative integral power of x satisfies (10.1).

For such functions/^) the right-hand side of (9.8) is zero.

For use in the proof of our next result we establish

Lemma 10.21. If k is a positive integer, and if

/<*-»«) -o(-^) 0-*O),

then

f U2k+ijw(^du = o(/*+i) it-*0).
Jo

For, integration by parts gives for e>0

f u2k+lfk>(u)du = t2k+1ßk-»it) - €2*+y<*-i>(e) -(2k + 1) f u2kj■<*-»(u)du.

Making use of our hypothesis regarded fik~l)(t), we obtain

j   u2k+1f<-k>(u)du = t2k+lf<■><-»(t) -(2k + 1)  i   u2kf<>k-v(u)du
Jo Jo

= 0(¿*+l) (* -* 0).

Lemma 10.22. Iff(x) is of class Cx in the interval 0<x< », and if the limits

lim    f   [m24-1/«*-1)^)]^^« (¿ = 1, 2, 3, • • •).
,-.0+    J «

e:mi, ¿Aew

(_l)»yc»(x),^__: (*-»0+),

for a suitable constant A.
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The hypothesis for k = 1 assures us that the Cauchy value of the integral

I    [«/(«) }'du
J o

exists, and hence that there exists a constant A for which

tf(t) ~A (f -> 0).

In particular

We now proceed by induction and assume that

/<P>W = °(^l) (I-+0;* - 0,1, • • ■ , * - 1).

Since

lim    f   [m2*+1/(*>(m)](*+1>¿m
t-K)+   J ,

exists, it follows that

[««+l/<*>(i»)]<*> - 0(1) («-»0).

Hence

f   [m2*+1/(*)(m)]<*>¿m = O(0 (í->0),
•Zo

[/!«-!/(«(/) ](*-»   _   Cl   =  0(t) (t-*0),

for a suitable constant cx. By successive integrations we have

f m2*+1/(*'(«)¿« + P*(0 = 0(¿*+1) (i -* 0),
J o

where Pk(t) is a polynomial of degree at most equal to k. By Lemma 10.21

Pt(0=O(<*+1) (f-*0).

But this is impossible unless Pk(t) is identically zero. However,

f     [utk+lf^(u)]'du + P4'(/)   = 0(f),
Jo

,2t+iy(t)(¿) =0(<*),
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That is, this last relation must hold for all positive integers k. By use of a

theorem of Hardy and Littlewood* the proof of the lemma is completed.

We can now prove

Theorem 10.2. If for each positive integer k

(10.2) f   Lk,t[f(*)]dt = 0(R) (Z^oo),
J o

then

(10.3) (-l)*/<*>(*)-—- (*->0;*-0, 1,2,-),
xk+1

(10.4) 'w(*)=0(¿) (*->•;*-0, 1,2,-••),

where

(10.5) A = lim xf(x).
x->0+

The conclusions (10.3) and (10.5) follow at once from Lemma 10.22. To

prove (10.4) we have

/> R
[***-»/< *-»(*) ]<*><& = 0(R)

a
(*-*),

for each positive integer k. This shows that

[,2t-y<*-i)(¿)](t-i) = 0<t) (<->»),

<**-!/(»-»)(<) = 0(tk) (t^y oo),

from which (10.4) follows at once.

Our next result is

Theorem 10.3. If f(x) satisfies (10.2) for each positive integer k, and if

(10.6) lim/(o;) = 0,
X—»oo

then

f  Lk,t[f(x)] A
(10.7) f(a) = lim U        dt + — (a>0),

t->» JQ        t + a a

where
A = lim xf(x).

* See, for example, E. Landau, Darstellung und Begründung einiger neuerer Ergebnisse der Funk-

tionentheorie, Berlin, 1929, p. 58.
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For, set

A
g(x) = f(x)-

X

Then

,(k)
:*)=0(¿)(x) = ol--)        (x->0;k = 0, 1, 2, •■ • ),

by Theorem 10.2. The same theorem shows that (10.4) is true for g(x). This

combined with (10.6) implies

g<*>(*) = 0(-)        (*-«;* -0,1,2,..).

Hence, by Theorem 10.1,

«(a) -lim   r ^^Idt (a>0).
t-.« J o        a + t

Since

Lk.t[f(x)] -LM[f(*}],

we see that (10.7) follows at once.

Corollary 10.31. // the functions Lk,t\f(x)\, (k = l, 2, ■ ■ ■), are all

bounded, then (10.6) implies (10.7).

Corollary 10.32. //

(10.8) f    | £*.,[/(*)] |»A< » (k = 1, 2, ••• ;p^ 1),
J o

then (10.7) holds.

For, if p = l, then

f       |    [tf(t)]'\dt<    00,
■' 0

so that (10.6) must hold. Clearly (10.8) implies (10.2) in this case. If p>\,

Holder's inequality gives

(10.9) j   \Lk,t[f(x)]\dtuïJ   \Lk.,\fi*)]\'dt\  '&>-»",

so that (10.2) is satisfied. For k = \, (10.9) becomes
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/W-o(¿) <>-«,>.

Hence (10.6) is satisfied. That is, Theorem 10.3 is applicable.

11. a(f) of bounded variation. Here we develop a necessary and suffi-

cient condition that the equation (1.1) should have a solution a(t) of bounded

variation in the infinite interval (0, oo ).

Theorem 11.1. A necessary and sufficient condition that f(x) should have

the representation (1.1) with a(t) of bounded variation in (0, <») is that

(11.1) f    | Lk,t[f(x)} | dt < M (*-l, 2, •••)>
J o

where M is some constant independent of k.

To prove the necessity we have

Lk,t[f(x)\ = dk I    ——rr.da(u),
J a   (t + u)2ko   (t + u)2

where

da(u) |  <  oo
J o

Then
/;

I £*.i [/(*)] \dt = dk\    tk-Ht-— | da(u) |
0 J0 J0   (t + u)2k

//.«   ¿t-1M*   ¿a(w)     I     -¿/
0        '      Wi J0   (¿ + «)2*

- J      | da(u) |  á   I      | ¿a(«) |
•Z o «J o

This proves the necessity.

For the sufficiency, we have by Corollary 10.32

Lk,t[j(x)]  tM ,   .

t + a

A = lim xf(x).
I-»0+

By a theorem of Helly* we can pick from the set of functions

/•"  Lt.i[/(*)] ¿
/(a) = lim U      J ¿¿ + — (a > G),

*-»«> J o t + a a

k(t) =   f  Lk,u[f(x)]du
Jo

ak(t) =        Zti.[/(*)Jd« (Ä = 1, 2, ■ • ■ )

* E. Helly, Über lineare Funktionaloperationen, Wiener Sitzungsberichte, vol. 121 (1921), p. 265.
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a subset aki(t) which approaches a function a*(t) of bounded variation in the

interval (0, « ). Then

daki(t)       AC     daki(t)       A
fia) = lim —-— + - (a > 0)

»-.» J0      t + a        a

By the Helly-Brayf theorem we may take the limit under the integral sign

and obtain

fia) =   f
J o

da*it)        A

o     t + a        a

da(t)
—^- (a>0),

o     t + a

where a(i) vanishes at the origin and differs from a* it) by the constant A for

positive values of /. This completes the proof of the theorem.

12. a(t) non-decreasing. Let us introduce

Definition 12.1. A function f(x) satisfies Property A if and only if

/*,,[/(*)] =0 (/>0; k = 0, 1, 2, • ■ • ).

Clearly this is equivalent to

/(*)£0,    (- l)*-1[***-1/<*-»(*)]<» = 0 (x > 0; k = 1, 2, • • • ),

or to

/(*)fc0, (- I)*"1 [**/(*)]<2*"l> ^ 0 (* > 0; k = 1, 2, • • • ).

In the proof of our result we shall need

Lemma 12.11. If<b(x) is of class C1 in 0<x^\ and if<j>'(x) is bounded on

one side in that interval, then —<p(x) is bounded on the same side there.

The proof is obvious.

Theorem 12.1. If f(x) has Property A, then the relations (10.3) and (10.5)

hold.

Since xf(x) is a positive increasing function, it follows that the constant A

of (10.5) is well defined. It will be sufficient to prove that

/<*>(*) =o(—)      (*-0;i«0,l,2, ..-)•

Since this has been proved for k = 0, we may proceed by induction. Let us

f See, for example, G. C. Evans, The Logarithmic Potential, Discontinuous Dirichlet and Neumann

Problems, American Mathematical Society Colloquium Publications, vol. 6, 1927, p. 15.
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grant then that these relations hold for p = 0, 1, 2, • • ■ , k — 2. By hypothesis

(- l)*-1 [**/(*)]<2A;_1> = 0 (* > 0).

By Lemma 12.11

[**/(*)I'*-1' < M (0 < x ^ 1)

for a suitable constant M. Also

(- l)*-2[**->/(*)](2*-3) = 0

from which we deduce in the same way that

[x*-1/^)]'*-1) > N (0 < * á 1)

for a suitable constant N. But

[**/(*)]<*-» = ^[a;*-1/^)]<*-*> 4- (jfe - l)!**-1/^) ]<*-«.

Since the second term on the right-hand side is 0(1) by our assumption

(10.6), it follows that

Nx + 0(1) < [*»/(*) ]<*~» < M (0 < x = 1).

Hence

[**/(*) ](*-1> = 0(1) (*-»0).

Expanding by Leibniz's rule we see that

/..-M- o(i),

so that the induction is complete. Hence (10.3) is established.

Theorem 12.2. Iff(x) has Property A, then there exist constants A0,AX, ■ ■ •

such that

(12.1) (_ i)»yw(x) fc _í- (k = 0, 1, 2, ••• ;0< x< oo).

Since

(- l)*-1^2*-1/«*-»^)]'*' ^ 0,

it follows by successive integration that

(-   l)*-1^2*-1/'*-1'^)]   ^ ^t-lX*-1 (1   ^   X  <   oo).

By Theorem 12.1 a similar inequality holds in the interval (0 <x^ 1), so that

(12.1) follows at once.
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Theorem 12.3. If fix) has Property A and if xf(x) approaches a limit as k

becomes infinite, then

/Lk,t[f(x)]dt = -     lim xf(x) — lim xf(x)   .
0                                                     k L x—mo i->0 J

For, if

5
f(x) ~ — (* -> 00 ) ,

then Theorem 12.2 with the addition of the Hardy-Littlewood result referred

to earlier shows us that

Bk\
(12.2) (- 1) */(*>(*)- (*-»oo).

xh+1

It is easily seen that the relations (12.2) imply that

lim (- i)*-i[¿2*-i/(*-i)(¿)]ct-D = ik - 1)!(¿ - 1)LB.
<-»oo

There is of course a similar result for ¿—>0 following from the relations (10.3)

which are necessary consequences of Property A. Hence

f Lk,t[fix)]dt = ck f i- i)*-i[¿2*-y<*-»(í)](*>d<
Jo Jo

(k- !)!(*- 1)!

k\ik - 2)\
[B

This proves the theorem. It is to be noted that the existence of B added to

our hypothesis in this theorem is not a consequence of Property A, as one

sees by the examples fix) = 1 and/(s) = (x)~1/2. Both satisfy the property but

in each case B fails to exist. We can now treat the casef of bounded non-

decreasing functions «(/).

Theorem 12.4. A necessary and sufficient condition that fix) should have

the form (1.1) with ait) bounded non-decreäsing is that fix) should have the

Property A and that xfix) should approach a limit as x becomes infinite. Further,

iU.3) a(oo) - a(0+) = lim   f   Lk,t[fix)]dt.
t—.oo   J o

The necessity of Property A follows from an inspection of the relations

f The author treated this case by another method in an earlier paper: D. V. Widder, A classifica-

tion of generating functions, these Transactions, vol. 39 (1936), p. 244.
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£o.i [/(*)] =/(0,

¿t.« [/(*)] = d.t"-1 f   —^-—¿a(M)      (* = 1, 2, • • • ).
J o   (t + u)2k

Moreover, it is obvious that

xda(f)

+

To prove the sufficiency we first appeal to Theorem 12.3. This shows that

f  Lk,t[f(x)]dt ̂  B - A (k = 1, 2, • • • ),
J o

where A, B are defined as in the proof of Theorem 12.3. Hence (11.1) is satis-

fied, and, by Theorem 11.1, f(x) has the representation (1.1) with a(t) of

bounded variation in (0, <»). To show that a(t) is non-decreasing we now

appeal to Theorem 3.1. Clearly, on the assumption of Property A, the func-

tions

r £t,u [/(*)] ¿«.        (* = i, 2, • ■ • )
J 0

are non-decreasing functions of t.

Finally, (12.3) is a direct result of Corollary 6.31.

We turn next to the case of unbounded non-decreasing functions a(t). For

the discussion of this case we need

Lemma 12.51. If f(x) satisfies Property A, then it approaches a limit as x

becomes infinite.

For, since

- [w2/(«)]<3) è 0 (u > 0),

we have for 0 <y <x by successive integrations

- x2f(x) + y2f(y) + (x- y)[y2f(y)]' + ™   \y2f(y)\" â 0,

whence

lim sup/(») = E £ i[y2f(y)]" (y > 0).
X—»»

Successive integration of the inequality

[m2/(m)]" - 2£ ^ 0
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gives

x2f(x) - y2f(y) -(x- y)[y2f(y)]' - E(x - y)2 ^ 0 (0 < y < *)•

Hence
lim inf /(*) ^ E,

X—*°o

or

(12.4) lim/(*) = E = 0.

Lemma 12.52. If f(x) satisfies Property A, then for each non-negative in-

teger k the function [xkf(x) ](t) is completely monotonie for x>0,

(- 1)»[**/(*)](*+n) ^ 0 (« = 0, 1, 2, • • • ).

By (12.4) and (12.1) it follows from the Hardy-Littlewood result quoted

earlier that

/<*>(*) -•(—) (*-1,2, •••;*-*«>).

Since

(- 1)*-»[**/(*)]<**"» ̂  0 (* > 0),

and since

lim [**/(*) ](B) = 0      (n = k+ 1, k+ 2,- ■ ■),

it follows by successive integrations to infinity that

(12.5) (- l)n[**/(*)]a+n) = ° («-1,2,   ••,*-1;*>0),

(12.6) [**/(*))w SS £ = 0.

It remains to show that (12.5) holds for « = £, ¿ + 1,

Let r be a positive integer, and replace/(a;) by xrf(x) in Lemma 3.11. We

obtain

[***-»{*«■/(*) }<*-»]<*> = **-1 [**+'/(*) ]<**-».

Hence by (12.5) and (12.6)

(- I)*"'-1 [**+'/(*)l«24-1' è 0 (¿ = r + 1),

(12.7) (- l)*-^1!*"-1! *'/(*) I'*-"]'*' ^ 0 (*èf + l).

But

lim   [s;**-^*•/(*)}<»-»]<») = 0 (/> = 0, 1, 2, ■ ■ • , ¿ - \;r > 0),
I-»0+

lim  (- l)k-í[x2k-1f<-k-1)(x)Yk--í'> - (i - 1)!(¿ - 1)M = 0.
x->0+
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Hence successive integrations of (12.7) from zero give

(- l)*->-i [*r/(*)]<*-» â 0 (k^r+ 1),

and this completes the proof of the lemma.

Lemma 12.53. If f(x) has Property A, and if 5>0, then f(x+b) has the

same property.

For,

(- 1) *"! [xkf(x + a)]«2*-1'

(12.8) *   / k\
L(      ) (- l)p+*-1[(* + 5)*-*/(z-|-5)]<2*-1>,
p=o \ p /

By Lemma 12.52

(_ i)*+p-i[(x + 5) k-Pf(x + g)](2*-i) ^ o (p = 0,1,- ■ ■ ,k),

so that every term in the sum (12.8) is non-negative.

Lemma 12.54. If f(x) has Property A and if 5>0, then

f(x + 5) - /(5)
F(x) =-

— *

has the property and

(12.9) lim xF(x) = f(5) - /( oo ).

For

(- i)*-*[**?(*)]«*-« = (- l)*[x*-y(x + 5)]«2*-1'       (* - 1, 2, • • • ).

But the right-hand side is non-negative by Lemmas 12.52 and 12.53. Also

f(x + 5) - /(S)
F(x) = ^-1-J— = - f'(0 i£ 0      (5 < Í < 5 4- x),

— x

so that F(x) has Property A. By Lemma 12.51 we deduce (12.9).

By use of this last result we can now prove the main result of the section.

Theorem 12.5. Property A for the function f(x) is necessary and sufficient

that it should have the form

C " da(t)
(12.10) /(*) = E+ ¡    —~,

Jo   x + t

where a(t) is non-decreasing and E^O.

The proof of the necessity is made as in Theorem 12.4.
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For the sufficiency we have at once by Lemma 12.54 and Theorem 12.4

for a given positive 5

F(x) =
f(x + 5)-f(8)       rxdß(t)

-fJ o—   X J o    X + t

where ß(t) is non-decreasing and bounded. In fact

,3(0) = 0,       /3(oo) =/(5)-/(oo).

But ß(t) must be constantly zero in (0, 5), for otherwise it would have a point

of increase there and by Theorem 1.7, f(x) would have a singularity for some

positive x. But, by Lemma 12.52, f(x) is completely monotonie and hence

analytic for x >0. Hence

f(x+s) = /(5) - r ~^—dß(t)=/(=o) 4- f dß(o - f -^—dß(D
J o   x + t Jq J o   x + t

/'"    t                                rK    t + &
—— dß(t) = /(co) +        —■-— dß(t + S),

s   x + t                               Jo   x + t + 5

C" (t + B)
/(*)=/(«)+     ^—-t-m + B)

J 0        x + t

C °° da(t)
(12.11)     =/(«)+        —■— (*>«),

J o   x + t

where

a(t) =  j    (u + o)dß(u + b).
J 0

Clearly a(t) is non-decreasing. It is independent of 5 by Theorem 1.6. Hence

(12.11) holds for all a;>0, and our theorem is proved.

13. <b(t) of class Z>, p>\. In this section we deduce conditions on f(x)

which will insure its representation in the form (4.1) with

(13.1) fJ 0
<t>(t) \Pdt < oo

for some constant p > 1. The result is

Theorem 13.1. A necessary and sufficient condition that f(x) should have

the form (4.1) with <p(t) satisfying (13.1) is that

(13.2) f    \ Lk,t\f(x)]\Ht < M (k = 1, 2, • • • ),
J 0

(13.3) lim   xf(x) = 0,
x->0+
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where M is some constant independent of k.

For the necessity we have from §4

■"      uk

o   (t + u)2k

These integrals all converge absolutely since

——— <j>(u)du     (4-1,2, •••).
o   it + u)2k

rK    uk    .       .        r /•".       .    -\ll*rT(qk +i)T(qk - vyi*
-   *(«) l du ¿ <*>(«) \»dul        -^-—-       ,

Jo   (< + «)"' ' Uo   ' '       J      L t"k^T(2qk) J

1 1

T + -=1'p      q

by Holder's inequality. We also have for k > 1

I L4lf[/(*)] |*A ^ d* I     /*-i<ft I-— | <p(u) \'du
o Jo Jo   (t + u)2k

/| <p(«) \Hu =   I      I <p(w)|pdtt.
o Jo

4- 1

¡

For 4 = 1, this argument fails. However, in this case we can obtain our

result by use of Hubert's double-integral theorem.f

uá(u)
Li.t[f(x)] . .du,.[/(*)] =   f

(13.5) Jo(* + «)2

where

J     | Li,,[/(*)] |"di ̂  rP Í     | <p(«) |"d«,
J o J 0

r(2)

Clearly (13.3) also holds, since

lim  xf(x) =   lim     I    <j)(u)du.
:-»0+ !->0+    J 0

t See G. H. Hardy, J. E. Littlewood, G. P61ya, Inequalities, Cambridge, 1934, p. 229, Theorem

319.
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Hence the necessity of (13.2) is established.

Conversely, we see that (13.2) implies, by Corollary 10.32, that

f00 Lk,t[f(x)] A
f(a) = lim U K n dt + — (a>0),

t-»» Jo t + a a

A =  lim  xf(x).
Z-K)+

Furthermore, (13.2) impliest the existence of a subset k{ of all the integers k

and a function <p(t) of class Z> in (0, oo) such that

£**..[/(*)] 3     r°° 0«um r^v^t-f
i-Kc J g t + a Jo

dt.
t + a

Hence

a     r" <t>(t)
(13.6) /(*)-4-       --dt (*>0).

X J o    X + t

But A is zero by virtue of (13.3), so that the theorem is established.

Corollary 13.11. Conditions (13.2) are necessary and sufficient that f(x)

should have the representation (13.6) with4>(i) satisfying (13.1).

Corollary 13.12. If f(x) has the representation (4.1), (13.1), then

lim   f   \ Lkit[f(x)]\"dt =  f   \<p(t)\*dt.
i-»oo   Jo J g

For, Fatou's lemma gives

f    | 0(0 \'dt ^ lim inf   j     | ¿t,<[/(*)] |p¿*.
Jo Jo

This combined with (13.4) gives the result.

14. Continuation, p — 1. That Theorem 13.1 can not hold for p = l one

sees from Theorem 11.1. For this case we prove

Theorem 14.1. A necessary and sufficient condition that f(x) should have

the form (4.1) with <f>(t) of class L in (0, <») is that the functions Lk,t[f(x)],

(k = 1, 2, • • • ), should all be of class L and that

(14.1) lim    f    | £».,[/(*)] - Lt,t[f(x)] \dt = 0,
k,l—*io   «/ o

(14.2) lim */(*) = 0.
I-KJ+

t See S. Banach, Opérations Linéaires, p. 130. The proof there given is easily extended to the

case of an infinite interval.
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If f(x) has the form (4.1) with <f>(t) of class L, then

/• °°                          r°°    r°° tk~luk
\Lk,t[fix)} \df£dk\       dt\       —-—; | <PÍU) | du

o                                               Jo        Jo    it + «)

=  f   uk I *(«) I dw f  t-*—— áíáf   | 0(«) | du       (4 - 1, 2, • • • ),
Jo Jo   (¿ + m)2* Jo

so that the first part of our condition is necessary. For the second part we

have

/'°°   tk~luk
,    ,     ... | *(«) - Ht) | du

o   it + u)2k

/'x       uk,    ,   ,,,. U(M -0(0|d«.
o   (m + l)2*

Hence

/'" r°°      ukI £*.«[/(*)] - <K0 | di ̂  d* *(«)<*«,
o J0   (m + l)2*

where

g(u) =  j     | *(/«) - 4>(t) | A.
•' 0

But g(l)=0, g(t) is continuous at «—1, and a constant If exists such that

| g(u) | < Mr1 + M (0 < « < oo ).

Under these conditions

r™      uk

lim d* I   i—r~^n: &iu)du = «(i) ■ °
*-»•>        Jo     (« +  l)2*(w + l)2*

by Corollary 4.11. From this (14.1) is immediate.

Conversely, the assumption (14.1) implies the existence of a function <p(0

of class L such that

(14.3) lim   I     \Lk,t[f(x)] - <p(t)\dt = 0,

(14.4) lim   f    | LM[/(z)]| d* =  f    | 0(0 | d*.
*-»oo   «/ o «^ 0

Equation (14.4) combined with (14.1) implies (11.1) for a suitable constant

M. Hence by Theorem 11.1
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C °° da(t)

Jo    X + t

where a(0 is of bounded variation in (0, oo). But

I    L*.iL/(*)]A -  I    *(/)*   ^   I     | Lt,«[/(x)] - 0(0 \dt       (u> 0).
Jo Jo I       J 0

Hence by (14.3)

Lk.t[f(x)]dt =  I    <p(t)dt.
o J 0

But by Theorem 3.1

lim   I    Z,t,<[/(x)]¿/ = a(u) - a(0 +) (u > 0).

By (14.2)

lim xf(x) = a(0 +) = 0,
I-»0+

so that

a(u) =   Í    <p(t)dt (« è 0).
J o

This completes the proof of the theorem.

Corollary 14.11. Iff(x) has the form (4.1) with <f>(t) of class L, then

lim   Í    Lk,t[f(x)]dt =  j    0(O¿/.
t-.»      J   Q J   n

15. 0(0 bounded. To conjecture a condition for this case one would natu-

rally allow p to become infinite in (13.2). This would lead to

(15.1) | £*..[/(*)] | < N (k = 1, 2, ■ ■ ■ ).

But note that for k = 1 we have (13.5) and that

lim r = lim Y ( 2-) V (—) = oo .

In fact (15.1) is not necessary for the boundedness of 0(0- For, let 0(0 be

equal to unity in (0, 1) and zero elsewhere. Then

LiM(x)] - log (l + -y) - —- (t>0),
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and this function becomes infinite as / approaches zero. We may overcome

this difficulty by replacing (15.1) (4 = 1) by a condition on f(x) of a slightly

different type. The result is stated in

Theorem 15.1. A necessary and sufficient condition that f(x) can be repre-

sented in the form (4.1) with <¡>(Í) bounded is that

(15.2) \ Lk,t[f(x)]\ < M (t >0; 4 = 2, 3, • ■ ■ ),

(15.3) lim xf(x) = 0,
l->0

(15.4) lim   f(x) = 0
X—»oo

for a suitable constant M.

Iif(x) has the form (4.1), and if

| <t>(t) \ < M (0 < t < oo ),

then

r" uktk~x   .        ,

\ Lk,t[f(x)}\ ^ dk \ \t(u)\du    (4 = 2, 3, •••),
J0   (w + 02*

;so that (15.2) is satisfied. Also

x<t>(t)
-— dt =   lim    I    <j>(t)dt = 0,

0     X + t B-.0+   J 0

im   I
->oo    J o

<t>(t)
lim   I    -dt = 0

o   x + t

so that (15.3) and (15.4) also hold.

Conversely, (15.2) implies (10.2) at least for 4 = 2, 3, • • • . Also (15.3) and

(15.4) imply (10.2) for 4 = 1. Hence (10.3) and (10.4) hold. But these com-

bined with (15.3) and (15.4) give

fW{x) = 0(-¿r) (*^0;4 = 0, 1,2, ■••),

■^'^ = 0(¿) (x^«>;k = 0, 1, 2, ■■•).

Hence we obtain by successive integration by parts the identity

/.=  \t2k-i«k-i)tt\yk)                       /.»    tk+i

--^—dt = - dkxk~2      -f'(t)dt.
(x + t)2                                    Jo   (x + t)2kJKJ

By (3.2)
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¿m [/(*)]
-/'(*) = lim —-

*-.» J o       (x
dt.

(x + t)2

Furthermore (15.2) implies the existence! of a subset kf of the integers k and

a bounded function 0(0 such that

¿»...[/Ml ..    r" *«)
i— J»      (*4-02 ^o (x + t)2

Now let 0 <x<y. Since the integral

0(0

dt.

s. dt
o   (x + t)2

is uniformly convergent in any closed interval of the positive z-axis, we

have

/(*) - f(y) = (y - *)}   ,   ,"    ,Adt.
Jo   (x + t)(y + t)

Hence, for any fixed positive x, (15.4) gives

(15.5) I    -dt~- (y —> oo).
^o   (x + t)(y + t) y

Moreover, since 0(0 is bounded, there exists a constant A7 such that

0(0   _        N

x + t t
(0 < t < oo).

Hence we are in a position to apply a Tauberian theorem of Hardy and Little-

woodf to the integral (15.5) considered as a function of y. The conclusion is

that

/(*) =  f  -
J o   x

'(t)   dt,
+ t

which is what we set out to prove.

Corollary 15.1. If f(x) has the form (4.1) with 0(0 bounded, then%

lim  l.u.b.   | Lt,([/(x)] | = truemax | 0(0 |.
t—>«   0<1<«> 0<i<»

t See, for example, S. Banach, loc. cit., p. 130.

X G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XI): on Tauberian theorems,

Proceedings of the London Mathematical Society, vol. 30 (1930), p. 33.

§ For definition of true max see, for example, S. Banach, loc. cit., p. 227.
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16. A more general case. We next investigate what functions/(x) can be

represented by a convergent integral of the form

C °° dait)
Ax) = j   —£,

Jo   x + t

with no restriction on a(t) except that it should be of bounded variation in

every finite interval, and bounded in the infinite interval. To treat this case

we need certain preliminary results which we now establish. We introduce a

new operator Mk,t[f(x)] by the

Definition.

Mk,t[f(x)] = (- l)*-iC*[/**-y<*-i>(0]<*-» (4 = 2, 3, 4, ■ • • ),

Mi.,[f(x)] = tf(t).

Our first result is contained in

Theorem 16.1. If

(16.1) /(n,W = 0(^) (<->0;« = 0, 1, 2, •••),

(16.2) /WW " 9Lt) ('"♦«;• -0,1,2,..),

then

/(*) = lim -,    ""dt (x>0).
t-»« J0      (x + 0

By an application of Theorem 9.1 or directly by integration by parts one

r" Mk,t[f(x)} r    xk~H"

Jo ix + t)2 Jo     iX +  t)2kJK'

shows that

'o       ix + t)2   m~ "'"Jo   ix + t)2k

Equation (3.2) now gives the result desired.

We shall next show that conditions (16.1), (16.2) follow automatically

from the boundedness of Mk,t[f(x)].

Theorem 16.2. If

(16.3) Mk.t[fi*)]=Oil) (í—oo,i-»0;4- 1, 2, •••),

then (16.1) and (16.2) are true.

For, one sees easily that (16.3) implies
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/<Í)W=0(¿í) (*-»",* = O, 1, 2, - ••),

of which (16.2) is a trivial consequence. Furthermore (16.3) implies

(16.4) [¿2*-y<*-i)(i)](t-i) =0(1) (<-»0),

(16.5) [i2*-y(t-D(/)](*-2) = 0(!) (< -» 0).

If we now assume (16.1) for (« = 0, 1, 2, • • • , 2£—4) we see that it also holds

for « = 2k — 3 by (16.5) and for n = 2k — 2 by (16.4). Since it obviously holds

for « = 0 by (16.4), t«l, it must hold in general.

By use of these results one may now prove

Theorem 16.3. A necessary and sufficient condition that

(16.6) /(*)=   I    —"-¿-dt,
J o   (x + t)2

where 0(0 is bounded is that there should exist a constant N for which

(16.7) | Mk,t[f(x)}\ <N (k = 1, 2, 3, • • • ;0 < x < «).

Note the contrast of this result with Theorem 15.1 by reason of the ab-

sence of any conditions of the type (15.3), (15.4). The proof follows by use

of Theorems 16.1 and 16.2, and is omitted.

For the applications to follow it is desirable that the conditions of Theo-

rem 16.3 involving the operator Mk,t[f(x)] should be replaced by one involv-

ing Lk,, \f(x) ]. We thus prove

Theorem 16.4. A necessary and sufficient condition that f(x) should have

the representation (16.6) with<p(t) bounded and satisfying

(16.8) I    4>(u)du~At (t~>0)
J 0

for some constant A is that

(16.9) I f Lk,u\j(x)]du
I J 0

< N (k = 1, 2, 3, ■ • • )

for some constant N.

If f(x) has the representation described, then it follows from an abelian

theorem, easily proved, that

(- l)kk\A

(16.10) /<»(*) ~ i-'—— (*->0).
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But (16.10) shows that

(16 11) f^Lk.M[fix)]du = Mk,t[f(x)} - (- l)"-l(-j~y

(4-2,3,..),

(16.12) f Li,u\j(x)]du = Mi,t[f(x)] -A.
J o

By Theorem 16.3 the right-hand sides of these equations have upper and

lower bounds independent of 4, so that the necessity of (16.9) is established.

Conversely, the existence of the integrals (16.9) implies by Theorem 10.2

the existence of a constant A such that

(- 1)M4!
f<k)(x)^±-!_- (*->0).

xh+1

Hence (16.11) and (16.12) are again true and (16.9) implies (16.7). That is,

(16.1) holds with <p(0 bounded. It remains only to establish (16.8). But this

follows from (16.10), 4 = 0, and the boundedness of <p(0 by a known Tau-

berian theorem.f

By use of these preliminary results we now prove

Theorem 16.5. A necessary and sufficient condition that

f(x)
Jo   x

da(t)

+7
where a(t) is a normalized function of bounded variation in every finite interval

and is bounded in the infinite interval, is that there should exist a constant M

and a positive function N(t) such that

(16.13) \f   Lk.t[f(x)]dtS M (R > 0; 4 = 1, 2, 3, • • • ),

(16.14) f    \ Lk,t[f(x)]\ dt ^ N(R) (R>0;k= 1,2,3, ■■ ■).
J 0

lifix) has the representation described, then

r" «(o
(16.15) /(*)=        J-r—dt,

J o   (x + 02

/a(u)du ~ a(0 +)t (t^0),
o

t G. H. Hardy and J. E. Littlewood, On Tauberian theorems, Proceedings of the London Mathe-

matical Society, vol. 30 (1930), p. 33, Theorem 5.
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so that (16.3) follows from Theorem 16.4. Also

lim   f    | Lkit[f(x)] | dt = V(R) - 7(0 +)
t—*« J o

from Theorem 6.3, so that the existence of N(R) is insured.

Conversely,  (16.13) implies that f(x) has the form (16.15) with a(i)

bounded and

/.
a(u)dw^At (t—>0).

Set

ak(t) =   f Lk,u[f(x)]du = Mk,t[f(x)] - (- l)*"1^— A.
J o k

But

—-—a(u)du,
o  (/ 4- u)2k

and we showed in §3 that this integral approaches a(0 except perhaps in a

set E of measure zero. But the variation of at(0 in (0, R) is clearly not greater

than N(R) by (16.14). Hence a(0 is a normalized function of bounded varia-

tion in (0, R) if suitably redefined. This redefinition has no effect on f(x)

since E is of measure zero. But

—^^— ¿í = —— +    ——

o   (x + t)2 X + t\0       Jo      x + t

The first term on the right-hand side is zero since a(0 is bounded and a(0) =0.

Hence the theorem is completely established.

It might be supposed that we could remove the restriction of boundedness

of a(0 by considering the function

/(*) - /(*)
F(x) =

5 — x

as was done in §12. For even if a(0 becomes infinite, F(x) satisfies (16.13) and

(16.14) when the integral

r °° da(t)
(16.16) /(*) =   —y~

Jo   x + t

converges. The converse is not true. If F(x) satisfies (16.13) and (16.14) we

have indeed
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Fix) =-  =   I    -dt,
Ô - x Jo   ix + t)2

where ßsit) is bounded. H fix) had the representation (16.16), then

' doit)

0*»-/.',

But if a(t) =t sin t, then ßsit) is bounded. For

t sin /        r '   u sin mí sin <        /•

w,)-I+7+J.
5 + t       Jo   id + u)2

and
u sin m

d«,

/.
du

o   i5 + u)2

converges. But by Theorem 1.2 the integral (16.16) can not converge unless

«(0 =o(0, which is not the case in the example considered.

17. The Paley-Wiener inversion operator. We conclude by showing the

relation between the operator Lktt\fix)] and the inversion operator given by

Paley and Wiener, t They showed that if

r °° *(0
fix)= ^¿-dt,

Jo   X + t

where <p(0 is a function of class L2 in the interval (0, oo), then

1      ™   (- 1W    d\2»
0(0 = l.i.m. — £ L—L^rf-)   itmm.

m-»»     irt112 „=o   (2m)!   \    dt/

We may abbreviate this precise result by the symbolic equation

*W =^-(cos^D)(^/2/(0),
%tllc

where

d
D = t — •

dt

On the other hand

1      *-2 / 2D   \
(17.1) Lk,t[fix)] = gk—-  II (l-r-rt)('1/2/«)>

7T¿1/2   „=-4  \ 2W +  1/

where

f For reference see Introduction.
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1    3    3    5    5 2k- 5 2*-3\ 2k- 3 2k - 1
(17.2)     gk

tt/1335    5 2k - 5 2k - 3\

"   2\2    2    4    4    6 2* -4 2* - 4/ 2¿ - 2      2*

To prove this one has only to verify that the differential operators on op-

posite sides of equation (17.1) have the same system of fundamental solu-

tions,

1       1 1
y K'    ó /y* K      ¿

XK     x"-1 X

h> —j^i> ■ > I, x, ■ ■ ■ , xk-3, xk~2,

and to compare the coefficients of /f2*-1' (0 in the expanded forms of both

operators. This coefficient for the left-hand side of (17.1) is

ck(- l)*-y*-i,

while for the right-hand side it is

*-2 /  - 2 \
I/2*-1.

w  ntrk\2n+lJ

Equating these coefficients gives (17.2).

Since

COS 7T3

and

it follows that

and that

= lim n (i -——),
*-.»   n—t \        2« 4- 1/

2 "   /2« - 1 2« 4- 1\

■K       „_i V    2« 2»   / '

lim gt = 1,

lim Lk,t[f(x)] = — (cos rf>)(tl'*f(t)),
i-.» irtll¿

so that the two operators are symbolically equivalent.

Harvard University,

Cambridge, Mass.
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